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ABSTRACT 

A model o f  wave-CISK cons is t i ng  o f  the  p r i m i t i v e  equations 

formulated on an equa to r ia l  beta-plane w i t h  a r e s t i n g  basic s ta te  i s  

used t o  compare the r e l a t i v e l y  simple cumulus parameter izat ion scheme 

developed by Stevens and Lindzen (1978) w i t h  the  r e l a t i v e l y  complex one 

developed by Arakawa and Schubert (1974). The comparison i s  based 

mainly on the i n s t a b i l i t y  c h a r a c t e r i s t i c s  and v e r t i c a l  s t ruc tu re  o f  the  

wave. 

D iscre te  forms o f  the  equations are developed and the inhomogeneous 

v e r t i c a l  s t ruc tu re  equation i s  solved as a general ized mat r i x  eigenvalue 

problem. The eigenvalues are equivalent  depths which are used w i t h  the  

d ispers ion r e l a t i o n  f o r  an equator ia l  beta plane t o  f i n d  growth rates.  

Results i n d i c a t e  t h a t  the  growth ra tes  obtained w i t h  Arakawa and 

Schubert parameter izat ion are smal ler  than those obtained w i t h  Stevens 

and L i  ndzen parameterizat ion. It i s  concl uded tha t ,  a1 though there  i s  

some q u a l i t a t i v e  s i m i l a r i t y  between the  two parameterizat ions, there  are 

notable q u a n t i t a t i v e  d i f fe rences.  
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1. INTRODUCTION 

The, i n t e rac t i on  o f  cumulus clouds w i t h  a large-scale atmospheric 

disturbance i s  one o f  the fundamental problems i n  the study of the 

dynamics o f  the t r o p i c a l  atmosphere. I n  the c lass ica l  papers o f  Charney 

and El iassen (1964) and Ooyama (1964), the mechanism o f  C I S K  (Condi- 

t i o n a l  I n s t a b i l i t y  o f  the Second Kind) was proposed t o  exp la in  t h i s  

i n te rac t ion .  I n  t h i s  mechanism, i t  i s  postulated t h a t  large-scale 

convergence resu l t s  i n  the formation o f  cumulus clouds which, due t o  the 

release o f  l a t e n t  heat, modify the large-scale environment i n  such a way 

as t o  increase the large-scale convergence and correspondingly increase 

the  amount of l a t e n t  heat released. The i n s t a b i l i t y  r esu l t s  from the 

feedback from the cumulus-scale t o  the large-scale. I n  the o r i g i n a l  

formulat ion o f  the CISK mechanism the 1 arge-scal e convergence was f r i c -  

t i o n a l l y  induced. I n  wave-CISK (Hayashi, 1970; Lindzen, 1974), the 

large-scale convergence i s  assumed t o  be the convergence which i s  natur- 

a l l y  associated w i t h  an atmospheric wave such as a g rav i t y  wave o r  

~ o s s b y  wave. I .  
The cent ra l  element i n  any mathematical model o f  the wave-CISK 

mechanism i s  the cumulus parameterizat ion, i .e . ,  the method by whic 4 the 
release o f  l a t e n t  heat by cumulus clouds i s  r e l a t ed  t o  the large-scale 

flow. Many d i f f e r e n t  techniques o f  cumulus parameterizat ion have been 

proposed i n  previous studies o f  wave-CISK. Hayashi (1970) re la ted  the 

l a t e n t  heat release t o  the large-scale v e r t i c a l  ve l oc i t y  a t  cloud base 



and a r b i t r a r i l y  s p e c i f i e d  bo th  t h e  magnitude o f  t h e  heat ing  and i t s  

v e r t i c a l  p r o f i l e .  Lindzen (1974) r e l a t e d  t h e  hea t i ng  t o  t h e  la rge-sca le  

v e r t i c a l  v e l o c i t y  a t  t h e  t o p  o f  t h e  mixed l aye r ,  and a l s o  a r b i t r a r i l y  

s p e c i f i e d  bo th  i t s  magnitude and i t s  v e r t i c a l  p r o f i l e .  Kuo (1975) 

r e l a t e d  t h e  hea t i ng  t o  t h e  la rge-sca le  v e r t i c a l  v e l o c i t y  a t  t he  t o p  o f  

t h e  mo is t  l aye r ,  s p e c i f i e d  i t s  magnitude and l e t  i t s  v e r t i c a l  p r o f i l e  be 

>,determined by t h e  temperature d i f f e r e n c e  between deep cumulus clouds and 

+:''the environment. An improvement t o  these schemes was made by Stevens 

and Lindzen (1978). I n  t h e i r  study, t h e  hea t i ng  was r e l a t e d  t o  t h e  

la rge-sca le  v e r t i c a l  v e l o c i t y  a t  t h e  t o p  o f  t h e  mo is t  l a y e r  through on 

j' 'exp1 i c i  t mois tu re  budget c o n s t r a i n t ,  and, a1 though t h e  v e r t i c a l  p r o f  i 1 e 

o f  t h e  heat ing  was a r b i t r a r i l y  spec i f i ed ,  i t s  magnitude was determined 

from t h e  moisture budget. S ta rk  (1976) used a s i m p l i f i e d  ve rs ion  o f  t h e  

'$ , :parameter izat ion devel bped by Arakawa and Schubert (1974). Wi th t h i s  

!parameter izat ion,  t h e  hea t i ng  was re1  a ted  t o  t h e  1 arge-scal e  v e r t i c a l  

v e l o c i t y  a t  every l e v e l  i n  t h e  v e r t i c a l  and bo th  t h e  magnitude and 

v e r t i c a l  p r o f i l e  o f  t h e  hea t i ng  were determined from t h e  large-scale.  A 

s i m i l a r  ana l ys i s  was a l s o  performed by Wada (1977). ' % I 1  

I n  t h i s  research a model o f  t h e  wave-CISK mechanism i s  developed i n  

o rder  t~ compare t h e  r e l a t i v e l y  simple parameter iza t ion  scheme developed 
1 

by Stevens and Lindzen w i t h  t h e  r e l a t i v e l y  complex one developed by 

Arakawa and Schubert. The comparison i s  based main ly  on t h e  i n s t a b i l i t y  

c h a r a c t e r i s t i c s  and v e r t i c a l  s t r u c t u r e  o f  t h e  wave. The model cons i s t s  

o f  t h e  1 inear ized ,  p r i m i t i v e  equat ions formulated on an equa to r i a l  

"beta-plane w i t h  a r e s t i n g  bas i c  s ta te .  I n  Chapter 2 t h e  la rge-sca le  

1 

- * g o v e r n i n g  equat ions are  presented. Here t h e  v e r t i c a l  s t r u c t u r e  equat ion 

' . , 'and i t s  boundary cond i t i ons  are  der ived  a long w i t h  t h e  d i s p e r i o n  



r e l a t i o n  which governs waves on an e q u a t o r i a l  beta-plane. Chapter ? 

con ta ins  t h e  govern ing equat ions f o r  b o t h  pa rame te r i za t i on  schemes. The 

v e r t i c a l l y  d i s c r e t e  forms o f  t h e  govern ing equat ions f o r  b o t h  t h e  la rge-  

sca le  and t h e  parameter iza t ions  a r e  presented i n  Chapter 4 where i t  i s  

shown t h a t  t h e  v e r t i c a l  s t r u c t u r e  equat ion, which inc ludes  t he  e f f e c t s  

o f  l a t e n t  heat  re lease ,  can be so lved  as a genera l i zed  m a t r i x  eigenvalue 

problem. The eigenvalues a r e  equ i va len t  depths, which a r e  used w i t h  t he  

, d i spe rs ion  r e l a t i o n  f o r  an e q u a t o r i a l  beta-plane t o  f i n d  growth ra tes .  

; Resul ts  a re  presented i n  Chapter 5. Chapter 6 con ta ins  a summary and 

conclusions. 



2. LARGE-SCALE GOVERNING EQUATIONS 

Th i s  chapter  p resents  t h e  govern ing equat ions f o r  the  la rge-sca le  

motion. I n  s e c t i o n  2 . 1  these equat ions a re  l i n e a r i z e d .  Each o f  t he  

dependent v a r i a b l e s  and t h e  d i a b a t i c  hea t i ng  a re  then expanded i n  a  

!%. F o u r i e r  s e r i e s  and i t  i s  shown t h a t  t h e  l i n e a r i z e d  equat ions a re  v a l i d  

term-by-term f o r  every term i n  each o f  t he  expansions. The v e r t i c a l  

s t r u c t u r e  equat ion  and i t s  boundary c o n d i t i o n s  a re  de r i ved  i n  sec t i on  

2.2 a long  w i t h  t h e  d i s p e r s i o n  r e l a t i o n  f o r  an e q u a t o r i a l  beta-plane. 

2 . 1  L i n e a r i z a t i o n  and F o u r i e r  Ser ies Expansion 

1 The governing equat ions f o r  t he  l a rge -sca le  mot ion a re  t he  h o r i -  

zon ta l  momentum equat ions,  t he  mass c o n t i n u i t y  equat ion  and the  thermo- 

dynamic energy equat ion. We a l s o  cons ider  t h e  atmosphere t o  be i n  

h y d r o s t a t i c  balance. These equat ions,  fo rmu la ted  i n  p-coord inates on an 

e q u a t o r i a l  beta-p lane ( f  = By), may be w r i t t e n  as 

(2. l a )  

(2. l b )  

(2. l c )  

(2. l d )  

(2. l e )  



Here t i s  t ime, x  and y a re  t h e  h o r i z o n t a l  p o s i t i o n s ,  p  i s  pressure, u  = 

dx/dt  and v  = dy/dt a re  t h e  h o r i z o n t a l  v e l o c i t y  components, w = dp/dt i s  

t h e  " v e r t i c a l  v e l o c i t y "  i n  p-coord i  nates, $I i s  t h e  geopoten t ia l  , T i s  

t h e  temperature, f i s  t h e  c o r i o l i s  parameter, R i s  t h e  gas constant  f o r  

d r y  a i r ,  c  i s  t h e  s p e c i f i c  heat  a t  constant  pressure f o r  d r y  a i r ,  Q i s  
P 

t he  d i a b a t i c  hea t i ng  and 

i s  t he  t ime d e r i v a t i v e  f o l l o w i n g  t h e  motion. Symbols a re  a l s o  de f ined  

i n  Appendix A. 

We l i n e a r i z e  these equat ions about t h e  bas i c  s t a t e  de f ined  below. 

L e t t i n g  bas ic  s t a t e  q u a n t i t i e s  be denoted by overbars we have 

where $ and 7 are  spec i f i ed .  Requ i r ing  t h a t  t h e  bas ic  s t a t e  s a t i s f y  t he  

system (2.1) leads t o  

and t h e  f a c t  t h a t  t h e  mean d i a b a t i c  hea t i ng  6 must be zero. 

Now we express each o f  t h e  dependent va r i ab les  i n  (2.1) and t h e  

d i a b a t i c  hea t i ng  Q as t h e  sum o f  a  bas ic  s t a t e  p a r t  g iven  by (2.3) and a  



p e r t u r b a t i o n  from t h a t  bas i c  s t a t e .  Denot ing t h e  p e r t u r b a t i o n s  by 

primes we have 

S u b s t i t u t i n g  (2.5) i n t o  (2.1), us ing  (2.2) and (2.4) ,  and neg lec t i ng  the  

products  o f  p e r t u r b a t i o n  q u a n t i t i e s  we o b t a i n  t he  system o f  l i n e a r i z e d  
I 

equat ions 

a u l  
at -  w = ,, f v '  + ax 

Now t h e  assumption i s  made t h a t  each o f  t he  dependent va r i ab les  i s  
! * ,  1 
p e r i o d i c  i n  x  w i t h  p e r i o d  L and i s  s u f f i c i e n t l y  smooth so t h a t  conver- 

gence i s  assured n o t  o n l y  f o r  t h e  F o u r i e r  s e r i e s  expansion o f  each 

v a r i a b l e  b u t  a l s o  f o r  t h e  s e r i e s  ob ta ined  by term-by-term i n t e g r a t i o n  o r  

6 d i f f e r e n t i a t i o n  o f  t h e  F o u r i e r  ser ies .  I f  we f u r t h e r  assume t h a t  each 

dependent v a r i a b l e  has a  t ime  dependence g iven  by e  -iat where o depends 

on t h e  summation index o f  t he  F o u r i e r  s e r i e s  and may be complex, 



and t h a t  these assumptions a l s o  app ly  f o r  t h e  d i a b a t i c  hea t i ng  Q ,  then 

we may w r i t e  

Because t h e  p e r t u r b a t i o n  q u a n t i t i e s  a re  r e a l ,  i t  may be shown t h a t  t h e  

c o e f f i c i e n t  i n  each expansion w i t h  index n=-m must be t h e  complex conju- 

gate o f  t h e  c o e f f i c i e n t  w i t h  index n=m and fur thermore,  t h a t  a must 

depend on n  such t h a t  Re(o(n)) = -Re(o(-n)). S u b s t i t u t i n g  (2.7) i n t o  . I '  

2nn -i - 
(2.6), m u l t i p l y i n g  by e  L , i n t e g r a t i n g  from -L/2 t o  L/2, us ing  t h e  

o r thogona l i t y  p r o p e r t i e s  o f  complex exponent ia ls ,  dropping t h e  n o t a t i o n  

r e f e r r i n g  t o  t h e  n  dependence o f  o. and d e f i n i n g  k = 2nn/L wf f i n d  



~ o t d  t h a t  t h e  system (2.8) i s  t h e  same system we would o b t a i n  i f  we 

evaluated (2.6) f o r  any one term i n  t he  F o u r i e r  expansions. T h i s  r e s u l t  

i s  due t o  the  f a c t  t h a t  (2.6) i s  a  l i n e a r  system w i t h  c o e f f i c i e n t s  t h a t  

a re  independent o f  x. The d e r i v a t i o n  o f  t he  v e r t i c a l  s t r u c t u r e  equat ion 

and the  d i s p e r s i o n  r e l a t i o n  proceeds from the  system (2.8). 

2.2 D e r i v a t i o n  o f  t h e  V e r t i c a l  S t r u c t u r e  Equat ion and t h e  D ispers ion  

R e l a t i o n  

The system (2.8) may be reduced t o  a  s i n g l e  equat ion  f o r  w as 

f o l l ows .  E l i m i n a t i n g  u  from (2.8a) and (2.8b) y i e l d s  

E l i m i n a t i n g  u from (2.8a) and (2.8d) g ives  

a I ."!l '-1 (a - - fk)v  + i k 2 ~  + - - - 0. 
aY aP 

Now we e l i m i n a t e  v f rom (2.9) and (2.10) t o  o b t a i n  

where L i s  a  y -opera to r  de f i ned  by 
Y 



E l i m i n a t i n g  T  from ( 2 . 8 ~ )  and (2.8e) y i e l d s  

where S i s  a  measure o f  t he  s t a t i c  s t a b i l i t y  and i s  g iven  by 

F i n a l l y ,  we operate on (2.13) w i t h  L and use (2.11) t o  o b t a i n  
Y  . 1 , .  

K - ( fZ-02)  - SL w = - L  Q. 1 
ap Y  P Y  

(2.15) 

Th i s  s i n g l e  equat ion  f o r  w may be so lved  by separa t ion  o f  v a r i -  

ab l  es. We w r i t e  

and 

Q(Y,P) = J ( P ) ~ ( Y ) ,  

Here we have assumed t h a t  w and Q have t h e  same y -s t ruc tu re .  Th i s  

assumption i s  j u s t i f i e d  by the  f a c t  t h a t  t h e  govern ing equat ions f o r  

b o t h  Stevens and Lindzen pa rame te r i za t i on  and Arakawa and Schubert 

parameter iza t ion  (see chapter  3) i n v o l v e  no y - d e r i v a t i v e s .  Furthermore, 

i t  may be shown t h a t  (2.15) i s  n o t  separable un less t h e  y - s t r u c t u r e s  a re  

t he  same. Upon s u b s t i t u t i n g  (2.16) and (2.17) i n t o  (2.15) we f i n d  

where - l / g h  i s  t h e  separa t ion  cons tan t  and g i s  t h e  a c c e l e r a t i o n  o f  

g r a v i t y .  The v e r t i c a l  s t r u c t u r e  equat ion i s  then 



and t h e  h o r i z o n t a l  s t r u c t u r e  equat ion  i s  

Using (2.16) and (2.17) i t  may be shown from (2.13) t h a t  9 and w 

have t h e  same y - s t r u c t u r e .  I f  we use t h i s  f a c t  t o  combine (2.11) and 

(2.20) we f i n d  

o r ,  upon s u b s t i t u t i n g  f rom (2.8d). 

av - i o $  + gh ( i k u  + -) = 0. 
ay 

(2.22) 

Rewr i t i ng  t h i s  equat ion t oge the r  w i t h  (2.8a) and (2.8b) we have 

, - i a u  - f v  + i k $  = 0, (2.23a) 
I 

1 .  .I 
1 - i o v  + f u  + 9 = 0, 

aY 
(2.23b) 

, i I 0  I av  - i o $  + gh ( i k u  + -) = 0. 
3~ 

( 2 . 2 3 ~ )  

Th i s  system i s  f o r m a l l y  t h e  same as t h e  system ob ta ined  by l i n e a r i z i n g  

t h e  shal low water  equat ions and assuming s o l u t i o n s  i n  t h e  form o f  ? 

F o u r i e r  s e r i e s  as i n  (2.7). Here h  p lays  t h e  r o l e  o f  t h e  mean depth of 

t he  sha l low water  f l u i d ,  hence h  i s  o f t e n  r e f e r r e d  t o  as t he  6qu i va len t  

depth. I f  we r e w r i t e  (2.21) t oge the r  w i t h  ( 2 . 8 ~ )  and (2.8e) we o b t a i n  



Now we no te  t h a t  t h e r e  a re  no p - d e r i v a t i v e s  i n  t he  system (2.23) and no 

y - d e r i v a t i v e s  i n  t h e  system (2.24). Thus we have taken the  system 

(2.8), i n  which a l l  t h e  equat ions a re  coupled i n  t h e i r  y and p depen- 

dencies, and decoupled i t  t o  o b t a i n  t h e  system (2.23) '  which complete ly  

determines t he  y - s t r u c t u r e ,  and t h e  system (2.24), which complete ly  

determines t h e  p -s t ruc tu re .  The s o l e  remain ing l i n k  between the  two 

systems i s  t he  q u a n t i t y  gh. I n  some wave-CISK s tud ies ,  such as Hayashi 

(1970) and S ta rk  (1976), t h e  v a l i d i t y  o f  these two systems was a n t i c i -  

pated and they  were used i n  t h e  ana l ys i s  w i t h o u t  j u s t i f i c a t i o n .  Here a  

r i go rous  j u s t i f i c a t i o n  f o r  t h e i r  use has been prov ided.  

I n  o rder  t o  o b t a i n  t he  d i s p e r s i o n  r e l a t i o n  f o r  an equa to r i a l  beta- 

p lane,  we use t h e  equat ion  which governs t he  y - s t r u c t u r e  o f  v. Because 

o f  t h e  decoupl ing descr ibed  above, t h i s  equat ion  may be de r i ved  from the  

system (2.23). E l i m i n a t i n g  u  from (2.23a) and (2.23b) g ives  

a (02- f2 )v  + ( i o  - + i k f ) $  = 0. 
ay 

E l i m i n a t i n g  u  from (2.23a) and ( 2 . 2 3 ~ )  g ives  

a o2 ( i a  - - i k f ) v  + ( - - k2)$ = 0. 
aY gh 

We now operate on (2.26) w i t h  i o  a/ay + i k f  and s u b s t i t u t e  from (2.25) 

t o  f i n d  

Fo l l ow ing  Lindzen (1967) we d e f i n e  

- 82 
=1 - gh' 



S u b s t i t u t i n g  (2.28) - (2.30) i n t o  (2.27) we o b t a i n  

' :  We choose t h e  boundary cond i t i ons  t o  be 

< ' 

By assuming 

which au toma t i ca l l y  s a t i s f i e s  (2.32), i t  may be shown t h a t  t h e  s o l u t i o n  

t o  (2.31) i s  g iven  by 

where i +  i L i 

and Hn([) i s  t he  Hermi t e  po lynomia l  o f  o rde r  n. Using (2.28) and 

(2.29), (2.35) may be r e w r i t t e n  as 

which i s  t h e  d i spe rs ion  r e l a t i o n  f o r  an e q u a t o r i a l  beta-plane. 

We now d e r i v e  t h e  boundary cond i t i ons  f o r  t h e  v e r t i c a l  s t r u c t u r e  

equat ion (2.19). A t  t he  lower boundary we r e q u i r e  

Expanding t he  t o t a l  d e r i v a t i v e  as i n  (2.2),  1  i n e a r i z i n g ,  assurni ng so l  u- 

t i o n s  i n  t he  form o f  a  F o u r i e r  s e r i e s  as i n  (2.7), and us ing  (2.4) we 

f i n d  



Now @ i s  e l i m i n a t e d  by ( 2 . 2 4 ~ )  t o  y i e l d  

o r ,  a f t e r  separa t ing  va r i ab les  as i n  (2.16), 

A t  t h e  upper boundary we apply  t h e  so-ca l led  r i g i d  l i d  c o n d i t i o n  which 

requ i res  m = 0 or ,  equ i va len t l y ,  W = 0. Thus, l e t t i n g  pO0 denote the  

lower boundary and pT t h e  upper boundary, t h e  complete v e r t i c a l  s t ruc -  

t u r e  problem may be s t a t e d  as 
' ! 

;, . ' I 

d2W + - w = - -  S K J 
dp" gh ghp ' 

dW R? g h $ - i ; - W = O a t p =  P~~ ' 

The method f o r  o b t a i n i n g  growth r a t e s  may now be made c lea r .  It i s  

shown i n  chapter  4  t h a t  when J i s  parameter ized i n  terms o f  W, t he  

v e r t i c a l  s t r u c t u r e  problem may be solved numer ica l l y  as a  genera l ized 

m a t r i x  eigenvalue problem where gh i s  t h e  eigenvalue. For any eigen- 

value, t h e  d i spe rs ion  r e l a t i o n  (2.36) i s  so lved y i e l d i n g  t h r e e  r o o t s  f o r  

t he  q u a n t i t y  a. Recal l  i n g  t h a t  a may be complex and us ing  (2.7) i t  i s  

e a s i l y  shown t h a t  Re(a) determines t h e  frequency o f  t h e  wave and Im(a) 

determines t h e  exponenti a1 growth r a t e .  



3. CUMULUS PARAMETERIZATION 

Th is  chapter  presents t h e  d e t a i l s  o f  t h e  cumulus parameter iza t ion  

schemes used i n  t h e  model. In s e c t i o n  3 . 1  a  mod i f i ed  form o f  t h e  param- 

e t e r i z a t i o n  o r i g i n a l l y  developed by Stevens and Lindzen i s  presented. A 

s i m p l i f i e d  form o f  t h e  parameter iza t ion  o f  Arakawa and Schubert i s  g iven  

i n  s e c t i o n  3.2. 

3 . 1  Stevens and Lindzen Parameter izat ion 

Stevens and Lindzen parameter iza t ion  i s  based upon the  f a c t  t h a t  
;I 
. d 

t h e  n e t  re lease o f  t h e  l a t e n t  heat  o f  vapo r i za t i on  i n  a  column must be 

balanced by t h e  p r e c i p i t a t i o n  i n  t h a t  column. Thus we w r i t e  

, P~ . -  $ 3  

Q $ =  LP, 1 LT 
il 

where pCT and pB are  t h e  upper and lower boundaries o f  t he  heated re -  

gion, L i s  t h e  l a t e n t  heat  o f  vapo r i za t i on  and P i s  t h e  p r e c i p i t a t i o n  

i n  u n i t s  o f  kgm 
-2,-1 

We r e l a t e  P t o  t h e  l a rge -sca le  v e r t i c a l  v e l o c i t y  as f o l l ows .  The 

1  arge-scal e  mo is tu re  budget may be w r i t t e n  

where E and C a re  evaporat ion and condensation i n  u n i t s  o f  s - l ,  q i s  t h e  



vapor given by aq/at and use the continuity equation (2.ld) we may rite 

(3.2) as t 
mixing ratio, N v is the horizontal velocity vector and V is the hor' 

tal del operator at constant p. If we neglect the storage of 

zon- 

water 

assuming either w = 0 or q = 0 at the upper boundary we find 

" V-qv + - (qw) = E - C. 
" aP 

' 

Upon integrating throughout the depth of the model atmosphere, 

Linearizing about a basic state defined by b = 0, assuming q = i((p), 

(3.3)" 
t .. 

and 

using the continuity equation (2.6d) and either of the conditions a the 1 
upper boundary given above, we may show, after some manipulation, Ithat 

P I  = - loo dp. 
g 

it is not necessary to assume w 1  (pO0) = 0 since u1 (pool cancels 0 t of II 

T 
I 

Careful attention to the detai 1 s of the above manipulation reveals ' 

the equation. We have now related the precipitation to the large- cale 1 

that 

vertical velocity. 

The profile of q may be specified in many ways. Stevens, 

Lindzen original ly considered q given by I 

d 1 
2 ~ 

and 



where pm i s  a  s p e c i f i e d  pressure corresponding t o  t h e  t o p  o f  t he  mo is t  

l aye r .  Wi th  t h i s  p r o f i l e ,  (3.5) becomes, a f t e r  c a r e f u l  eva lua t i on  of 

t h e  i n t e g r a l  , , I 

Note t h a t  P V s  r e l a t e d  t o  t h e  v e r t i c a l  v e l o c i t y  a t  on l y  one l e v e l .  

Here we f o l l o w  Davies (1980) and l e t  q be g i ven  by 

where 6 and qa a re  constants.  As 6  + o. t h i s  p r o f i l e  approaches t h e  

s imple p r o f i l e  discussed above, thus  a  f i n i t e  va lue f o r  6 a l lows us t o  

use a  more r e a l i s t i c  mo is tu re  p r o f i l e .  W i th  6 g i ven  by (3.8), (3.5) 

becomes, a g g i n , a f t e r  c a r e f u l  e v a l u a t i o n  o f  t h e  i n t e g r a l ,  : V 

Here we no te  t h a t  P' i s  r e l a t e d  t o  t h e  v e r t i c a l  v e l o c i t y  a t  every l e v e l  

i n  t h e  i n t e r v a l  pd 5 p < pa. 

We now r e l a t e  t h e  hea t i ng  t o  t h e  l a rge -sca le  v e r t i c a l  v e l o c i t y .  

L i n e a r i z i n g  ( 3 ) ,  s u b s t i t u t i n g  from (3.9), us ing  (2.7), (2.16) and 

.1(2.17), we may show t h a t  

Jdp = - Lqa6 - L ~ ( P ~ )  W ( ~ d ) .  

The v e r t i c a l  p r o f i l e  o f  t h e  hea t i ng  i s  s p e c i f i e d  by w r i t i n g  



bp P-PB 
J(p) = ae s i n n  

PCT-PB ' 

The constant  b determines t h e  l e v e l  o f  maximum heat ing. The constant  a 

i s  t he  magnitude o f  t h e  hea t i ng  and i s  determined by s u b s t i t u t i n g  (3.11) 

i n t o  (3.10). Wi th  a determined i n  t h i s  manner (3.11) becomes 

where 

We have now parameter ized t h e  hea t i ng  J i n  terms o f  t h e  la rge-sca le  

v e r t i c a l  v e l o c i t y  W. 

To summarize, we used a la rge-sca le  mo is tu re  budget t o  r e l a t e  t h e  

p r e c i p i t a t i o n  t o  t h e  1 arge-scal e v e r t i c a l  v e l o c i t y .  Then, we s p e c i f i e d  

t h e  v e r t i c a l  p r o f i l e  o f  t h e  hea t i ng  and, us ing  t h e  c o n s t r a i n t  t h a t  t h e  

ne t  l a t e n t  heat  re leased i n  a column must balance t h e  p r e c i p i t a t i o n  i n  

t h a t  column, we determined t h e  magnitude o f  t h e  hea t i ng  as a f u n c t i o n  of 

t h e  la rge-sca l  e v e r t i c a l  v e l o c i t y .  

3.2 Arakawa and Schubert Parameter izat ion 

The parameter iza t ion  theory  developed by Arakawa and Schubert de- 

sc r ibes  the  i n t e r a c t i o n  between an ensemble o f  cumulus clouds and t h e  

la rge-sca le  environment. The reader i s  r e f e r r e d  t o  Arakawa and Schubert 



(1974) and Schubert (1974) f o r  a  complete d iscuss ion  o f  t h e  o r i g i n a l  

theory.  Fu r the r  d iscuss ion  may be found i n  Hack (1977) and S i l v a  Dias 

and Schubert (1977). i 

, , ,  I n  o rder  t o  make t h e  problem more t r a c t a b l e  mathemat ica l ly  we make 

t h e  f o l l o w i n g  s i m p l i f i c a t i o n s  t o  t h e  o r i g i n a l  theory: 

(i) v i r t u a l  temperature e f f e c t s  a re  neglected, 

(ii) surface energy f l u x e s  are  neglected, 

(iii) r a d i a t i v e  e f f e c t s  a re  neglected, 

( i v )  t h e  h e i g h t  o f  t h e  sub-cloud mixed l a y e r  i s  constant,  

(v) t h e  thermal p r o p e r t i e s  o f  t h e  mixed 1,ayer a re  constant,  

( v i )  c l oud  base f o r  a l l  c loud  types i s  a t  t h e  t o p  o f  t h e  mixed 

1 ayer. 
O l & ' .  

I Numerical cons idera t ions  d i c t a t e  an a d d i t i o n a l  change from the  

o r i g i n a l  f o rmu la t i on  o f  t h e  theory.  I n  Arakawa and Schubert (1974), t h e  

f r a c t i o n a l  r a t e  o f  entrainment was t h e  spec t ra l  parameter assumed t o  

f u l l y  cha rac te r i ze  each c loud type  i n  t h e  ensemble. I n  t h i s  formula- 

t i o n ,  t h e  pressure where detra inment  occurs (c loud top)  f o r  a  g iven  

entrainment r a t e  i s  a f u n c t i o n  o f  t ime. I n  a v e r t i c a l l y  d i s c r e t e  model 

i t  i s  d i f f i c u l t  t o  a l l o w  f o r  a c loud t o p  which does n o t  always co inc ide  

w i t h  one o f  t h e  v e r t i c a l  l e v e l s ,  t he re fo re ,  f o l l o w i n g  Hack (1977), we 

l e t  t h e  spec t ra l  parameter be t h e  detra inment  l e v e l  pressure i ns tead  o f  

t he  f r a c t i o n a l  r a t e  o f  entrainment.  Now each c loud type i n  t h e  ensemble 

i s  charac ter ized  by t h e  pressure where i t  de t ra ins .  As a consequence o f  

t h i s  re fo rmula t ion ,  we must consider  t h e  f r a c t i o n a l  r a t e  o f  entrainment 

t o  be a f u n c t i o n  o f  t ime s ince  a change i n  t h e  la rge-sca le  environment 

i m p l i e s  t h a t  any c loud  type  must e n t r a i n  a t  a  d i f f e r e n t  r a t e  i n  o rder  t o  

always d e t r a i n  a t  t h e  same l e v e l .  



The equat ions i n  t h e  theo ry  have been conceptua l l y  grouped by 

Schubert (1974) i n t o  t h r e e  ca tegor ies :  feedback, s t a t i c  c o n t r o l  and 

dynamic c o n t r o l .  

The feedback category descr ibes t h e  way i n  which a cumulus c loud 

ensemble produces t ime changes i n  t h e  la rge-sca le  temperature and mois- 

t u r e  f i e l d s .  We d e f i n e  t h e  convect ive sca le  f l u x e s  o f  d r y  s t a t i c  energy 

s, mo is t  s t a t i c  energy h and l i q u i d  water 2 as 

Here s c ( p Y ~ ) .  hc(p,B) and P(p,b) a re  t h e  d r y  s t a t i c  energy, mo is t  s t a t i c  

energy and l i q u i d  water con ten t  a t  pressure p f o r  t h e  c loud  type  which 

d e t r a i n s  a t  pressure 6. A1 1 c loud va r i ab les  s h a l l  have two arguments, 

t h e  f i r s t  be ing  t h e  pressure p and t h e  second be ing  the  detrainment 

pressure 6 which i s  t h e  spec t ra l  parameter c h a r a c t e r i z i n g  each c loud 

type. The mass f l u x  a t  l e v e l  p  due t o  c l oud  type  6 i s  q(p,fj)mB(B)dB 

where mg(B)d@ i s  t h e  mass f l u x  a t  c loud base and 11(p,B) i s  t h e  nor- 

mal ized mass f l u x  having t h e  va lue 1 a t  c l oud  base. Using these d e f i n i -  

t i o n s  we may w r i t e  t h e  la rge-sca le  budgets o f  s  and h as 

as - = -  as a 
a t  v-VS - lu + g (FS-LFQ) + LR, 

N 



The convect ive sca le  s i n k  o f  l i q u i d  water ( i . e . ,  r a i n )  R i s  de f ined  by 

wheCe g Q ( , ) ( y ) B ( ) d  i s  t h e  r a i n  a t  l e v e l  p  due t o  c loud type  fi. 

Thus, i f  we know the  p r o p e r t i e s  of each c loud type  and t h e  c loud base 

mass f l u x  mB, we can determine t h e  e f f e c t  o f  t h e  c loud ensemble on t h e  

t ime changes o f  t h e  la rge-sca le  temperature and moisture f i e l d s .  

I n  t h e  s t a t i c  c o n t r o l  category a simple c loud model i s  used t o  
$ ,  

determine the  p r o p e r t i e s  o f  t h e  c loud ensemble. The budgets f o r  mass, 

mo is t  s t a t i c  energy and t o t a l  water substance f o r  c loud type  6 are  g iven 

Here qc(p,P) i s  t h e  c loud  m ix ing  r a t i o  which may be determined from 

qC(pyB) = q*(p) + ,% l+y ,- [hc(p,B)-h*(p)l, 

where 



q* i s  t h e  s a t u r a t i o n  mix ing  r a t i o  and h* i s  t h e  sa tura ted  mo is t  s t a t i c  

energy and A($) i s  t h e  f r a c t i o n a l  r a t e  o f  entrainment f o r  c loud type  fj 

which can be determined i t e r a t i v e l y  from (3.20) and (3.21) by r e q u i r i n g  

t h a t  

hc(ByB) = h*(B). 

Since equat ions (3.20) - (3.22) a re  d i f f e r e n t i a l  equat ions, they  r e q u i r e  

boundary cond i t i ons  which we choose t o  be 1 

where hM and qM are  t h e  mo is t  s t a t i c  energy and mix ing  r a t i o  i n  t h e  
. ., 

mixed 1 ayer. 1 

a I, ' 

I n  t h e  dynamic c o n t r o l  category o f  t h e  theory,  t h e  c loud base mass 

f l u x  mg i s  determined. We d e f i n e  t h e  c loud work f unc t i on ,  which i s  a 

measure o f  t h e  bouyancy f o r c e  associated w i t h  c loud type  8 ,  as 

Then we make t h e  quas i -equ i l i b r i um assumption which s ta tes  t h a t  

aA/at = 0. It may be shown t h a t  t h e  t ime d e r i v a t i v e s  o f  q, hc and h* may 

be w r i t t e n  i n  terms o f  t h e  t ime d e r i v a t i v e s  o f  h  and s. The prognos t ic  

equat ions f o r  h and s, (3.17) and (3.18), i n v o l v e  terms o f  two types: 

t h e  la rge-sca le  advec t ive  terms and t h e  c loud  terms which depend upon 

mB. Thus t h e  quas i -equ i l i b r i um assumption may be w r i t t e n ,  a t  l e a s t  

conceptual ly ,  as 



' , .  1 
where t h e  kerne l  K(fi,fil) depends upon h, s, q, hc, sc, Q and r and F($) 

represents t h e  la rge-sca le  terms. 

We now remark t h a t  t h e  thermodynamic equat ion (3.17) i s  cons i s ten t  

w i t h  t h e  thermodynamic equat ion (2. le) o n l y  i f  we rep lace  as/at*v*Vs - 

w i t h  c (aT/at+v-VT). Th is  i s  equ i va len t  t o  say ing w = -pgw. Wi th t h i s  
I p  N 

i n  mind, we i d e n t i f y  Q i n  (2 . l e )  w i t h  t h e  l a s t  two terms on t h e  r i g h t  
If. , ' , . 

hand s ide  o f  (3.17). 
f i 

The l i n e a r i z e d  form o f  t h e  parameter iza t ion  i s  now der ived.  We 
- 

a1 low f o r  a mean c loud  s t r u c t u r e  g iven  by h ,  (, hc, sc, qc, i and r ana 

we r e c a l l  from Chapter 2 t h a t  t h e  bas ic  s t a t e  g iven  by (2.3) may n o t  

con ta in  mean heat ing.  Therefore, i t may be shown from (3.14), (3.16), 

(3.17) and t h e  remarks i n  t h e  preceeding paragraph t h a t  aB must be zero. 

Wi th t h i s  f a c t  t h e  p e r t u r b a t i o n  hea t i ng  may be w r i t t e n  as 
I ,-* , t i  

and t h e  l i n e a r i z e d  form o f  (3.28) may be w r i t t e n  as 

Here F(b) invo lves  t h e  produc t  o f  severa l  mean q u a n t i t i e s  w i t h  w '  . 



- - 
We now summarize. The mean q u a n t i t i e s  X, q ,  hc, ic, qc, and F 

may be determined by r e q u i r i n g  t h a t  they  s a t i s f y  t h e  equat ions i n  t he  s t a t i c  

c o n t r o l  category. A parameter iza t ion  o f  t h e  r a i n  r i s  a l s o  requi red.  

Once these q u a n t i t i e s  a re  known, t h e  kernel  k may be c a l c u l a t e d  and the  

Fredholm i n t e g r a l  equat ion (3.30) may be solved t o  f i n d  m; i n  terms of 

w ' .  F i n a l l y ,  us ing  (3.29) we may determine Q' i n  terms o f  w ' ,  o r ,  a f t e r  

Fou r ie r  decomposit ion and separa t ion  o f  va r i ab les ,  J i n  terms o f  W. We 

s h a l l  f i n d  t h a t  J depends on W a t  every l e v e l  i n  t h e  i n t e r v a l  pTzp<p8. 

Unfor tunate ly ,  a l l  o f  t h e  above c a l c u l a t i o n s  must be done numer ica l ly .  

The f o l l o w i n g  chapter  presents some d e t a i l s  o f  these numerical ca l cu la -  

t i o n s .  ! , I  ; 

I i 



! 
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.I 1 I 4. DISCRETE FORMS AND SOLUTION TECHNIQUE , 

, 

The v e r t i c a l  s t r u c t u r e  problem posed i n  Chapter 2 may be solved 

a n a l y t i c a l l y  o n l y  f o r  s imple p r o f i l e s  o f  bas ic  s t a t e  temperature and 

simple parameter izat ions o f  t h e  heat ing.  Such a n a l y t i c  s o l u t i o n s  were 

ob,tained by Hayashi (1970), Lindzen (1974), Chang (1976) and others.  I n  

t h i s  research we use bas ic  s t a t e  temperature p r o f i l e s  and parameteriza- 

t i o n s  which are  s u f f i c i e n t l y  complex so t h a t  numerical techniques must 

be used t o  o b t a i n  so lu t i ons .  For s i m p l i c i t y ,  we choose t o  use f i n i t e -  

d i f ference methods. I n  s e c t i o n  4 . 1  t h e  d i s c r e t e  form o f  t he  v e r t i c a l  

s t r u c t u r e  equat ion and i t s  boundary cond i t i ons  i s  presented. Sect ion 

4.2 presents the  d i s c r e t e  forms o f  t h e  governing equat ions f o r  t he  

parameter izat ions.  It i s  shown t h a t  once J i s  parameter ized i n  terms o f  

W, t h e  v e r t i c a l  s t ruc , tu re  problem may be solved as a genera1 i z e d  m a t r i x  

e i  genval ue problem where l / g h  i s  t h e  e i  genval ue. 

4 . 1  The V e r t i c a l  S t r u c t u r e  Problem 

The v e r t i c a l  g r i d  used i n  t h e  model i s  shown i n  F ig.  4.1. The 

atmosphere i s  d i v i d e d  i n t o  K/2 l aye rs ,  t h e  lowest  o f  which i s  t he  sub- 

cloud mixed l aye r .  Except ing t h e  mixed l a y e r ,  t h e  pressure depth o f  

each l a y e r  i s  t he  same. The bas ic  s t a t e  q u a n t i t i e s  and 4 are  c a r r i e d  

a t  every l e v e l .  The v e r t i c a l  v e l o c i t y  W i s  c a r r i e d  a t  odd l e v e l s  and 

t h e  heat ing  J i s  c a r r i e d  a t  even l e v e l s .  

It i s  convenient t o  w r i t e  t h e  s t a t i c  s t a b i l i t y  S as S = R T / ~ *  where 

r = dT/dz* + KT i s  t h e  s t a t i c  s t a b i  1 i t y  i n  z* = - ~ n ( p / p  ) coordinates. 
0 0 



------------- 
- k- I  w ( r - ~ ) , T ( k - ~ ) , q ( k - ~ )  I! 

k -------------- J (k ) ,  I ( k ) ,  b(kl 
k+ l W (k+l),T(k+l). 3 (k+l) 

-----.--.------- 

Fig. 4.1.  Vertical grid used i n  the model. 



The s t a t i c  s t a b i l i t y  r i s  o f t e n  assumed t o  be constant ;  t he re fo re ,  by 

w r i t i n g  S i n  t h i s  way we may compare t h e  r e s u l t s  ob ta ined  w i t h  a con- 

s t a n t  T w i t h  those ob ta ined  w i t h  a  v a r i a b l e  T. 

For any i n t e r i o r  odd l e v e l  denoted by k, t he  f i n i t e - d i f f e r e n c e  form 

9 f  t h e  v e r t i c a l  s t r u c t u r e  equat ion  (2.41) i s  

Here T(k) i s  determined from 

and 

Ap = 'p (k+ l )  - p(k-1). 

The boundary cond i t i ons  (2.42) and (2.43) a re  w r i t t e n  i n  d i s c r e t e  form 

and 

W ( 1 )  = 0. 

Using these d i s c r e t e  forms we may w r i t e  t h e  complete v e r t i c a l  

s t r u c t u r e  problem i n  m a t r i x  form as 

where A, 6 ,  and C a re  mat r i ces  o f  dimension (K/2+1)x(K/2+1), W i s  a  

vec to r  o f  l e n g t h  K/2+1 c o n t a i n i n g  t h e  values o f  t h e  v e r t i c a l  v e l o c i t y  a t  

a1 1 odd l e v e l s ,  and J i s  a  vec to r  of  l e n g t h  K/2+1 con ta in i ng  t h e  values 

o f  t h e  hea t i ng  a t  a1 1  even l e v e l s .  An a d d i t i o n a l  even l e v e l  above t h e  

model t o p  has been de f i ned  s o l e l y  i n  o rder  t o  have K/2+1 l e v e l s  a t  which 

J i s  c a r r i e d .  



It i s  shown i n  t h e  nex t  s e c t i o n  t h a t  t h e  cumulus parameter iza t ion  

schemes lead t o  a m a t r i x  equat ion o f  t he  form 

where D i s  a m a t r i x  o f  dimension (K/Z+l)x(K/Z+l). Using (4.7) and 

d e f i n i n g  E = B + CD we may w r i t e  (4.6) as , 

which i s  a genera l i zed  m a t r i x  eigenvalue problem where l / g h  i s  t h e  

eigenvalue and W i s  t h e  e igenvector .  As mentioned i n  Chapter 2, growth 

r a t e s  corresponding t o  any eigenvalue a re  obta ined by s o l v i n g  t h e  d i s -  

pe rs ion  r e l a t i o n  (2.36) a f t e r  s u b s t i t u t i n g  f o r  gh. The v e r t i c a l  p r o f i l e  

of t he  v e r t i c a l  v e l o c i t y  corresponding t o  any eigenvalue i s  conta ined i n  

t h e  e igenvector  - W w h i l e  t h e  v e r t i c a l  p r o f i l e  o f  t h e  hea t i ng  correspond- 

i n g  t o  any e igenval  ue i s  conta ined i n  - 3 and may be obta ined from (4.7). 
I 8 . 4  , 

4.2 Cumul us Parameter izat ion 

I n  t h i s  s e c t i o n  i t  i s  shown t h a t  t h e  d i s c r e t e  forms o f  t h e  cumulus 

parameter iza t ion  schemes used i n  t h e  model l ead  t o  a m a t r i x  equat ion o f  

t h e  form - J = D W. The d e r i v a t i o n  o f  t h i s  equat ion i s  s imple f o r  Stevens 

and Lindzen parameter iza t ion  and r e l a t i v e l y  complex f o r  Arakawa and 

Schubert parameter izat ion.  

For Stevens and L i  ndzen parameter iza t ion  a d i s c r e t e  form of (3.12) 

i s  used. We choose pa and pd t o  be a t  odd l e v e l s ,  pCT t o  be a t  an even 

1 evel  , and pB t o  be a t  1  evel  K-1 . Using t h e  t rapezo ida l  r u l e  t o  eval  u- 

a t e  t h e  i n t e g r a l  i n  (3.12) we w r i t e  t h e  hea t i ng  a t  any even l e v e l  be- 

tween pB and pCT as 



where i i s  odd, ia and id are t h e  odd l e v e l s  where pa and pd are  de f ined  

and iCT i s  t h e  even l e v e l  where pCT i s  def ined.  Using (4.9) t he  heat ing  

may e a s i l y  be w r i t t e n  i n  t h e  form - J = D W. - 

Before proceeding w i t h  Arakawa and Schubert parameter iza t ion  we 
- - 

must c a l c u l a t e  t h e  q u a n t i t i e s  s, h, h*, ;)* and y. Ca l cu la t i on  o f  t h e  

f i r s t  t h ree  o f  these r e q u i r e s  knowledge o f  t h e  mean he igh t  ;. I n  t h e  
1 !/ 

mixed l aye r ,  t he  temperature lapse r a t e  i s  ad iaba t i c  and ; may the re fo re  

be c a l c u l a t e d  from 

Above t h e  mixed l aye r ,  ; i s  c a l c u l a t e d  h y d r o s t a t i c a l l y  us ing  . - I  ' . I /  I 

Formulas f o r  determin ing q* and y based on Teton 's  formula f o r  t h e  

, s a t u r a t i o n  mix ing  r a t i o  eS a re  g i ven  i n  Appendix B. Having obta ined t h e  

I II<& ?,, - .. - 
q u a n t i t i e s  z and q*, we then c a l c u l a t e  s, h and 'h* a t  any l e v e l  k from 



As discussed i n  Chapter 3, we consider each c loud type t o  be char- 

ac ter ized by the pressure where i t  detra ins.  I n  t h i s  model clouds are 

permi t ted  t o  d e t r a i n  a t  even l e v e l s  from k = 2 t o  k = K-4. The cloud 

var iab les  q(p,fi), hc(pYfi), qc(p,fi) and 2(p,fi) are c a r r i e d  a t  odd leve ls  

and are denoted by q(k-l,n), hc(k-1,n) , qc(k-1,n) and 2(k-1,n). 

The d i sc re te  forms o f  the  equations i n  the  s t a t i c  con t ro l  category 

are now presented. The d i sc re te  mass budget f o r  cloud type n i s  w r i t t e n  

or ,  us ing the  boundary cond i t i on  q(K-1,n) = 1, 

The d isc re te  moist s t a t i c  energy budget i s  w r i t t e n  

or ,  us ing (4.13), 

We now int roduce a crude parameter izat ion o f  the  r a i n  r(p,D) by w r i t i n g  

r ( p  ,$) = co(p .fi)g(p , b )  where co(p ,fi) i s  an autoconversion c o e f f i c i e n t .  

This parameter izat ion e s s e n t i a l l y  cons is ts  o f  convert ing a p o r t i o n  o f  

the  condensed 1 i q u i d  water i n t o  raindrops. Note t h a t  we have a1 lowed 

the autoconversion c o e f f i c i e n t  t o  depend on pressure and c loud type. 

Using t h i s  parameter izat ion the  d i sc re te  budget f o r  c loud water content 
- ' 



again us ing  (4.13), 

(qc+2)(k+l,n)-qc(k-1, n)-A(n)ApCqc(k-l, n ) -q (k ) l  
2(k-1,n) = l+A(n)Ap+co( k, n)Ap . (4.18) 

qC i s  determined from 

I A1 though i t  i s  p e r m i t t e d  t o  have c l oud  types which d e t r a i n  as h igh  

i. l e v e l  2, t h e  ac tua l  det ra inment  l e v e l  o f  t h e  h ighes t  c l oud  type  i s  

f t e r n i n e d  by t h e  h* p r o f i l e .  An even l e v e l  may n o t  be a det ra inment  

1 v e l  f o r  a c l oud  t ype  i f  6* a t  t h a t  l e v e l  i s  g r e a t e r  than  hM s ince  t h i s  I. 
f u l d  imp ly  t h a t  t h e  ent ra inment  f o r  such a c l oud  t ype  would be nega- 

qi  ve. 

1 Having determined from t h e  above c r i t e r i o n  how many ac tua l  c l oud  

fpes e x i s t ,  t h e  f o l l o w i n g  i t e r a t i v e  scheme i s  used t o  c a l c u l a t e  A(n) 

4 o r  each c l oud  type  n. For any guess o f  A(n) we c a l c u l a t e  hc(n+l,n) and 

1. (n-1,n) f rom (4.16) and hc(n,n) f rom 

hc(n, n) = )r[hc(n+l, n) + h,(n-1, n)]. 

e x t  we c a l c u l a t e  a f u n c t i o n  G(n) de f i ned  by 



I f  G(n) i s  l e s s  than some p resc r i bed  q u a n t i t y  E ,  then w- --.. 

t o  be known t o  s u f f i c i e n t  accuracy and we proceed t o  c a l c u l a t  

t he  nex t  c loud type. I f  G(n) i s  g rea te r  than  E ,  then t h -  . 

g iven  by 

where t i s  t h e  i t e r a t i o n  index i s  used t o  c a l c u l a t e  a new value of 

For t h i s  new value we c a l c u l a t e  a new G(n) and t e s t  t o  see i f  i t  i s  !ss 

than E .  I f  i t  i s  n o t  l e s s  than E ,  we cont inue t o  make new guesses 

(4.22) u n t i l  G(n) i s  l e s s  than e .  The e n t i r e  process i s  cont inued ,il 

A(n) f o r  each c loud  type  i s  found. Note t h a t  t h e  secant method de led 

by (4.22) requ i res  two i n i t i a l  guesses. For t h e  h ighes t  c loud Ipe 

the re  i s  very l i t t l e  entra inment  so it i s  bes t  t o  choose two values ear  a t o  zero. For t h e  lower c l oud  types i t  i s  bes t  t o  choose, when ver  

poss ib le ,  t h e  f i n a l  i t e r a t i v e  values o f  A from t h e  nex t  two 

c loud types. Once A(n) i s  found f o r  each n, hc i s  known  an^ ,, ,P, c  

a re  c a l c u l a t e d  from (4.14), (4.18) and (4.19). I 
The equat ions compri s i n g  t h e  feedback category a re  w r i  t t e n l  i n  

d i s c r e t e  form as 



where k i s  even, n '  i s  even, 'mi n  i s  the l eve l  where the  highest cloua 

type detrains and 

I n  the  dynamic control  category, the  d iscrete  version o f  the cloud 

work funct ion i s  w r i t t e n  

yhere k '  i s  even and 

1 + 
Ap ( k ' )  = 2(p(k1+l)-p(k'  )) 

I p ( k i+ l )  + p ( k ' )  ' 
I 
I 

I 

I 



A d i sc re te  form o f  the Fredholm i n t eg ra l  equation (3.28) i s  derived 

i n  Appendix C and i s  w r i t t e n  

where n '  i s  even. 

Recal l ing the discussion i n  Chapter 3, we w r i t e  the l i near i zed  

form o f  (4.32) as 

The mean kernel ?(n,nl ) depends on the mean quan t i t i es  h, i, icy < ,. 4, 
and R. These mean quan t i t i es  may be ca lcu la ted by requ i r ing  t h a t  they 

s a t i s f y  the equations i n  the s t a t i c  con t ro l  category. The large-scale 

fo rc ing  F(n) i s  a  complicated expression i nvo l v i ng  the sum o f  several 

products o f  mean quan t i t i es  w i t h  w '  . Keeping t h i s  i n  mind and per- 

forming the Four ier  decomposition and separat ion o f  var iables,  we may 

w r i t e  (4.33) i n  mat r ix  form as 

K E B + F W = O .  - (4.34) 
I 

Here K i s  a  mat r ix  o f  dimension NxN where N i s  the number o f  cloud 

types, F  i s  a  mat r i x  o f  dimension Nx(K/2+1), and EB i s  a  vector o f  

length  N contain ing the c loud base mass f luxes f o r  each c loud type. 

Using (4.23) and again performing the Four ier  decomposition and 

separation o f  var iables,  the  heat ing def ined by (3.29) may be wri t ten,,  i n  

mat r ix  form as 



lere H i s  a m a t r i x  o f  dimension (K/Z+l)xN. So l v ing  (4.34) f o r  blB and 

i n g  (4.35) we f i n d  t h a t  3 may be w r i t t e n  i n  t h e  form J = D W. - - - 

We have now shown t h a t  t h e  d i s c r e t e  vers ions o f  bo th  parameteriza- 
1 

ons may be w r i t t e n  i n  t h e  form 3 = D W. - - 



5. RESULTS 

It was shown i n  Chapter 4 t h a t  when the  heat ing i s  parameterized i n  

terms o f  the  v e r t i c a l  v e l o c i t y ,  t he  v e r t i c a l  s t r u c t u r e  problem may be 

solved as a general i zed  mat r i x  eigenval ue problem. The eigenval ues, 

along w i t h  the  d ispers ion r e l a t i o n ,  determine the  growth ra tes  and phase 

speeds and the eigenvectors determine the v e r t i c a l  s t ruc ture .  I n  t h i s  

chapter we present and discuss some r e s u l t s  obtained by so lv ing  the 

v e r t i c a l  s t r u c t u r e  problem. Our pr imary ob jec t i ve  i s  t o  compare the 

r e s u l t s  obtained w i t h  Stevens and Lindzen parameter izat ion (hereaf ter  

r e f e r r e d  t o  as SL) w i t h  those obtained w i t h  Arakawa and Schubert param- 

e t e r i z a t i o n  (hereaf ter  r e f e r r e d  t o  as AS). 

The atmosphere has been d iv ided  v e r t i c a l l y  i n t o  11 layers.  We have 

chosen the surface pressure t o  be 1011 mb, the  sub-cloud mixed laye r  t o  

extend from the surface t o  965 mb, and the  model top  t o  be a t  115 mb. 

The p r o f i l e s  o f  basic s t a t e  temperature 7 and basic s t a t e  mix ing 

r a t i o  6 are shown i n  Fig.  5.1. By d e f i n i t i o n ,  the  sub-cloud mixed 

laye r  i s  character ized by a d ry  ad iabat ic  temperature lapse r a t e  and a 

constant mix ing r a t i o .  Above the  mixed laye r  the  mix ing r a t i o  has a 

roughly exponenti a1 decrease. 

The s t a t i c  s t a b i l i t y  r ,  ca lcu la ted  from the f p r o f i l e  o f  Fig. 5.1, 

i s  shown i n  Fig. 5.2. I n  some studies,  such as Chang (1976) and 

Stevens, - -  e t  a l .  (1977), a constant value f o r  r was assumed. I n  Table 

5.1, the  eigenval ues o f  the  homogeneous v e r t i c a l  s t ruc tu re  problem are 



: U '  Fig. 5.1. P r o f i l e s  of  b a s i c  s t a t e  temperature 7 ( s o l  i d  1  i n e )  and 
b a s i c  s t a t e  m i x i n g  r a t i o  q (dashed l i n e ) .  

:,+ ". ; ' ' 1 '  . 3 1  I ' ,  . 1 1  : i 8  



Fig .  5 .2 .  The s t a t i c  s t a b i l i t y  r calcu la ted  from t h ~ ~ a s i c  s ta te  
temperature p r o f i l e  o f  F ig .  5 .1 .  



l~ V e r t i c a l  Constant S t a t i c  S t a t i c  S tab i  1  i ty  
Mode Stabi  1  i ty  I-=23. 7g°K o f  F ig.  5.2 

Table 5 .1  Phase speeds +/$ obtained from t h e  homogeneous 
t v e r t i c a l  s t r u c t u r e  problem f o r  r=23. 7g°K=constant 

and f o r  I- g iven by F ig .  5.2. U n i t s  a re  m/s. 

l i s t e d  f o r  t h e  case when r i s  constant  and f o r  t h e  case when i s  g iven 

by t h e  p r o f i l e  i n  F ig.  5.2. The eigenvalues a re  w r i t t e n  i n  terms o f  

@, which i s  t h e  phase speed o f  a pure g r a v i t y  wave. Mode zero i s  

o f t e n  r e f e r r e d  t o  as t h e  ex te rna l  mode w h i l e  mode n i s  o f t e n  r e f e r r e d  t o  

as t h e  n t h  i n t e r n a l  mode. We see t h a t  t h e  pr imary  e f f e c t  o f  a  v a r i a b l e  

s t a t i c  s t a b i l i t y  i s  t a  decrease t h e  phase speeds o f  t h e  lower o rder  

modes and increase t h e  phase speeds o f  t h e  h igher  o rder  modes. The 

eigenvectors, o r  v e r t i c a l  s t r u c t u r e  func t i ons ,  o f  t h e  ex te rna l  and f i r s t  

t h ree  i n t e r n a l  modes f o r  bo th  I- p r o f i l e s  a re  shown i n  F ig.  5.3. Here we 

see t h a t  t h e  l e v e l s  where t h e  i n t e r n a l  modes a t t a i n  a maximum o r  minimum 

are  lower f o r  a  v a r i a b l e  T. La te r  we s h a l l  see t h a t  va ry ing  t h e  I- 

p r o f i l e  as above produces a very  n o t i c a b l e  e f f e c t  on t h e  i n s t a b i l i t i e s .  

Unless otherwise noted, a l l  r e s u l t s  presented from t h i s  p o i n t  on are  f o r  

t h e  I- p r o f i l e  g iven  by F ig.  5.2. 





We now present  and d iscuss some r e s u l t s  obta ined us ing  SL parame- 

t e r i z a t i o n .  The parameters pCT and pB are  chosen t o  be 157.5 mb and 

965 mb, respec t i ve l y .  We take  t h e  l e v e l  o f  maximum heat ing,  which 

determines t h e  parameter b i n  (3.12), t o  be 455 mb. Chang (1976) 

s tud ied  t h e  s e n s i t i v i t y  t o  t h i s  parameter. Recal l  t h a t  we have chosen 

t h e  q p r o f i l e  t o  be g iven  by (3.8). I n  F ig.  5.4 severa l  d i f f e r e n t  

p r o f i l e s  o f  q corresponding t o  d i f f e r e n t  values o f  6 are shown. By 

comparison w i t h  F ig.  5.1, i t  may be seen t h a t  curve (a) i s  a reasonable 

approximation t o  t h e  observed 6 p r o f i l e .  

I n  F ig.  5.5 we have p l o t t e d  t h e  s e t  o f  eigenvalues gh as a f u n c t i o n  

of qa f o r  t he  case where t h e  mois tu re  i s  constant  from t h e  sur face t o  

some pressure and zero t h e r e a f t e r ,  i - e . ,  t h e  p r o f i l e  o r i g i n a l l y  consid- 

ered by Stevens and Lindzen (1978). Since severa l  f i g u r e s  o f  t h i s  

na ture  w i l l  be presented, some p r e l i m i n a r y  exp lanat ion  may be h e l p f u l .  

From t h e  d i spe rs ion  r e l a t i o n  (2.36) we see t h a t  complex gh leads t o  

complex a and hence i n s t a b i l i t y .  Also, i t may be demonstrated numer- 

i c a l  l y  t h a t  t h e  i ns tab i  1 i t y  general  l y  increases as Im(gh) increases. I n  

these f i g u r e s  we tend t o  see t h e  coalescence o f  two modes w i t h  r e a l  

equ i va len t  depths i n t o  a s i n g l e  mode w i t h  complex equ i va len t  depth. 

Th is  coalescence co inc ides  w i t h  t h e  onset o f  t h e  i n s t a b i l i t y .  Although 

the  unstable modes come i n  complex conjugate p a i r s ,  we have p l o t t e d  on l y  

t he  eigenvalue w i t h  p o s i t i v e  imaginary p a r t .  Focusing on F ig .  5.5, i t  

may be seen t h a t  i n s t a b i  1 i t y  f i r s t  occurs f o r  qa E 8.5g/kg. However, 

when qa increases t o  10.5g/kg, t h e  f i r s t  and second i n t e r n a l  modes 

coalesce t o  form an uns tab le  mode. Th i s  unstable mode, a l though the  

second mode t o  become uns tab le  as qa increases, even tua l l y  a t t a i n s  a 



: I:, 
Fig. 5.4.  Mixing rat io  q calculated from (3 .8 )  for p _  = 880 mb, 

" -2  -1 pd = 200 mb, q = 16 g/kg and (a )  6 = 0 . 5 ~ 1 0  mb , 
(b) 6 = l.0x10P2mb-1, ( c )  6 = 2 . 0 ~ 1 0 - ~ m b - "  



Fig.  5.5. Eigenvalues gh as a f u n c t i o n  o f  qa f o r  p a =p d- -795 nb 

and 6 = m. 



greater  value of Imigh) and hence a greater  i n s t a b i l i t y  than the f i r s t  

unstable mode. As qa increases even f u r t h e r  two more unstable modes 

devel op . 
The e - fo ld ing  t ime and phase speeds f o r  the  most unstable modes i n  

Fig. 5.5 are shown i n  Fig. 5.6. Some p re l im ina ry  explanat ion i s  a lso  

h e l p f u l  here. For any g iven values o f  gh, ho r i zon ta l  wavelength and 

meridional mode n, the  d ispers ion r e l a t i o n  gives e - fo ld ing  times and 

phase speeds f o r  th ree wave types: eastward and westward moving g r a v i t y  

waves and westward moving Rossby waves. Since one poss ib le  app l i ca t ion  

o f  the  r e s u l t s  o f  t h i s  research i s  i n  the  study o f  squa l l  l i n e s  and 

since squal l  1 ines may be associated w i t h  g r a v i t y  waves, we choose t o  

ca lcu la te  e - fo ld ing  times and phase speeds f o r  a g r a v i t y  wave o f  wave- 

length  300 km and mer id ional  mode n = 1. Returning t o  Fig.  5.6, we 

conf i rm t h a t  the  second mode t o  become unstable as qa increases does 

a t t a i n  a smaller e - fo ld ing  time, o r  greater  growth r a t e  than the f i r s t  

mode which becomes unstable. The most unstable mode has the greater  

phase speed. The phase speeds are r e l a t i v e l y  unaf fected by changes i n  

qa; however, as qa increases through c e r t a i n  values the  e - fo ld ing  times 

may markedly increase. 

The l i n e a r i z e d  thermodynamic equation consists o f  th ree terms: the  

l o c a l  r a t e  o f  change o f  temperature, the  ad iabat ic  coo l ing  which may be 

w r i t t e n ,  a f t e r  Four ie r  decomposition and separat ion o f  var iables,  as 

-TW/p, and the  cumulus heat ing which may s i m i l a r l y  be w r i t t e n  J/c I n  
P - 

Fig. 5.7, we show, f o r  the  most unstable mode i n  Fig. 5.6 a t  qa = 12.0 

g/kg, the  amplitude and phase o f  the  v e r t i c a l  v e l o c i t y ,  t he  cumulus 

heating, and the ad iabat ic  cool ing. Here we have assumed qa = 12.0 g/kg 

= constant provides a reasonable approximation t o  the  lower t ropospher ic  



a -el 
E 'to 
.r 0 E 
c, 



I I I I I  1  I 

I 1 1 1 1  I 

Fig. 5.7. Amplitude and phase o f  (a) the  v e r t i c a l  v e l o c i t y  and . 1 ;  
(b) the  ad iabat ic  coo l ing  ( s o l i d  l i n e )  and cumulus 

i ' heat ing (dashed 1  ine)  f o r  the  most unstable mode i n  +! 

Fig. 5.6 a t  qa = 12 g/kg. 
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mois tu re  content .  R e c a l l i n g  t h a t  W i s  negat ive f o r  upward motion we see 

t h a t  t h e  cumulus heat ing  i s  i n  phase w i t h  t h e  upward motion and does no t  

t i lt w i t h  he igh t  s ince  it i s  r e l a t e d  t o  t h e  v e r t i c a l  v e l o c i t y  a t  on l y  

one l e v e l .  The a d i a b a t i c  c o o l i n g  i s  g rea te r  than the  cumulus heat ing  a t  

almost every l e v e l .  The v e r t i c a l  v e l o c i t y  has a maximum 'tiear t he  middle 

troposphere and has very  l i t t l e  tilt w i t h  he igh t .  Remember t h a t  t he  

* I 
v e r t i c a l  p r o f i  l e  o f  cumulus hea t i ng  f o r  SL parameter iza t ion  i s  speci-  

f i e d .  

We now note t h a t  t h e  eigenvalues discussed above are  no t i ceab l y  

d i f f e r e n t  f o r  a  cons tan t  T. For example, when qa = 12.0 g/kg, t he  

eigenvalue o f  t h e  most uns tab le  mode w i t h  a constant  equal t o  23.79K 

i s  gh =171+59i m2/s2 w h i l e  t h e  eigenvalue o f  t h e  most unstable mode w i t h  

v a r i a b l e  T i s  gh = 905+287i m2/s2. Thus, a t  l e a s t  i n  t h i s  case. t h e  

i n s t a b i l i t y  i s  cons iderab ly  reduced when a constant  i s  used. 

So f a r  we have presented r e s u l t s  o n l y  f o r  a  very  simple moisture 

p r o f i l e .  F ig.  5.8 shows t h e  s e t  o f  eigenvalues as a f u n c t i o n  o f  6. 

Note t h a t  as 6 increases t h e r e  i s  very l i t t l e  change i n  e i t h e r  t h e  r e a l  

o r  'imaginary p a r t s  o f  gh which i m p l i e s  t h a t  middle and upper t ropo-  

spher ic  moisture p lays  a smal l  r o l e  i n  SL parameter izat ion.  

Resul ts  ob ta ined us ing  AS parameter iza t ion  are  now presented and 

discussed. Whenever poss ib le ,  a comparison w i l l  be made w i t h  t h e  re -  
- 

suits obta ined us ing  SL paPahleter izat ion. V e r t i c a l  p r o f i l e s  o f  h, h* 

and hc are  shown i n  F ig .  5.9. The h* p r o f i l e ,  t he  value o f  h i n  t h e  

mixed l a y e r  and t h e  number o f  l aye rs  i n  t h e  model a1 low f o r  n ine  c loud 

types. Th is  i s  an improvement from S ta rk  (1976) who had o n l y  l o u r  c loud 

types. The p r o f i l e  o f  t h e  normal ized mass f l u x  f o r  each c loud type  i s  

shown i n  F ig.  5.10. Table 5.2 l i s t s  t h e  va lue o f  t h e  f r a c t i o n a l  en- 

t ra inment  r a t e  A f o r  each c loud  type. 



Fig. 5 .8 .  Eigenvalues gh as a funct ion o f  6 f o r  pa = 880 mb, 

pd = 200 mb and qa = 16 g/kg. 
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F ig.  5.9. V e r t i c a l  p r o f i l e s  o f  h ,  i* and LC. L ines o f  LC are  
dashed and each 1 i n e  corresponds t o  one o f  the ,  n ine  
c l oud  types p resent  i n  t h e  model. ! 
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Fig. 5.10. Vertical profile of the normalized mass flux for 1 : .  

each cloud type. . , 
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, Table 5.2 F r a c t i o n a l  entrainment r a t e  and 
ri, detra inment  pressure 6 f o r  each 

c loud  type. 
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The choice o f  a p r o f i l e  f o r  t h e  autoconversion c o e f f i c i e n t  co i s  

d i f f i c u l t .  A constant  value, independent o f  c loud type, was proposed by 

Arakawa and Schubert (1974). S i l v a  Dias and Schubert (1977) showed t h a t  

t h i s  p r o f i l e  tends t o  underest imate t h e  p r e c i p i t a t i o n  e f f i c i e n c y  of deep 

clouds w h i l e  overes t imat ing  i t  f o r  shal low clouds. Consequently, they 

considered a p r o f i l e  where co v a r i e d  w i t h  c loud type  w i t h  t h e  deeper 

clouds having g rea te r  va l  ues o f  co and hence g rea te r  p r e c i p i t a t i o n  

e f f i c i e n c i e s .  I n  t h i s  research we consider  t h e  case where co i s  con- 

s t a n t  and t h e  case when co i s  va r i ab le .  For t h e  v a r i a b l e  case we l e t  co 

be g iven  by 

where a, b and c a re  constants.  Fig.  5 .11 shows severa l  p r o f i l e s  o f  c o y  

each o f  which corresponds t o  a d i f f e r e n t  va lue o f  b f o r  f i x e d  values o f  

a and c. As b increases, t h e  p r e c i p i t a t i o n  e f f i c i e n c y  f o r  a l l  c loud  



Fig.  5.11.  Autoconversion c o e f f i c i e n t  co c a l c u l a t e d  from ( 5 . 1 )  
, I  I '  

1 f o r  a = 90 mb, c = 450 mb and ( a )  b = 3 km-l, 

(b )  b = 5 km-I and (c)  b = 6 km'l. , I  , ' n  b r  



types increases; however, t h e  increase i s  g rea te r  f o r  h igher  c loud types 

than lower c loud types. The p r o f i l e  f o r  b  = 5 km-' agrees we1 1 w i t h  t h e  

p r o f i l e  shown i n  S i l v a  Dias and Schubert (1977). The q u a n t i t y  co used 

i n  t h e  d i s c r e t e  c loud t o t a l  water budget i s  a f u n c t i o n  o f  pressure and 

has u n i t s  o f  pa''. I t  may be obta ined from the  co values discussed 

above by m u l t i p l y i n g  those values by R T / ~ ~ .  

The s e t  of eigenvalues as a f u n c t i o n  o f  co, where c  i s  constant  
0 

and independent o f  c loud type, i s  shown i n  F ig.  5.12. The eigenvalues 

as a f u n c t i o n  of b  a re  shown i n  F ig.  5.13. The two f i g u r e s  are  q u a l i t a -  

t i v e l y  t h e  same. Unstable modes f i r s t  develop f o r  co z 0.5 km-I and 

b Z 0.8 km-l. As c and b increase,  a d d i t i o n a l  unstable modes develop 
0 

and, as i n  SL parameter izat ion,  these modes even tua l l y  a t t a i n  g rea ter  

values o f  Im(gh) and hence g rea te r  i n s t f a b i l  i t i e s  than the  f i r s t  modes 

which became unstable. Contrary t o  t h e  r e s u l t s  obta ined w i t h  SL param- 

e t e r i z a t i o n  and t h e  r e s u l t s  obta ined by S ta rk  (1976), t h e  f i r s t  i n t e r n a l  

mode never coalesces t o  form an unstable mode. A poss ib le  exp lanat ion  

f o r  t h i s  behavior i s  based on t h e  f a c t  t h a t  f o r  SL parameter izat ion,  t h e  

v e r t i c a l  s t r u c t u r e  o f  t h e  hea t i ng  i s  s p e c i f i e d  and looks s i m i l a r  t o  t h e  

v e r t i c a l  s t r u c t u r e  o f  t h e  f i r s t  i n t e r n a l  mode. Thus we might  expect t he  

unstable response t o  t h i s  s p e c i f i e d  hea t i ng  t o  man i fes t  i t s e l f  p r i m a r i l y  

i n  t h e  f i r s t  i n t e r n a l  mode. I n  AS parameter izat ion,  t h e  v e r t i c a l  s t ruc -  

t u r e  o f  t he  hea t i ng  i s  no t  s p e c i f i e d  beforehand b u t  i s  i ns tead  deter-  

mined i n t e r n a l l y  t o  t h e  model. Therefore, t he re  i s  no s p e c i f i e d  

heat ing  p r o f i l e  which might  tend  t o  f o r c e  a response i n  some p a r t i c u l a r  

mode. Comparing w i t h  F ig.  5.5 we see t h a t  Re(gh) and Im(gh) f o r  t h e  

unstable modes are smal le r  f o r  AS parameter iza t ion  than they  are  f o r  SL 

parameter izat ion.  



Fig .  5.12. Eigenvalues gh as a f u n c t i o n  o f  co f o r  t he  case where 

co i s  cons tan t  and independent o f  c l oud  type.  



Fig.  5.13. Eigenvalues gh as a funct ion o f  b. 



Fig. 5.14 shows the e - fo ld ing  times and phase speeds as a funct ion 

o f  co f o r  the unstable modes i n  Fig. 5.12. The e - fo ld ing  times and 

phase speeds as a func t ion  o f  b f o r  the unstable modes i n  Fig. 5.13 are 

shown i n  Fig. 5.15. Again we have chosen a g r a v i t y  wave o f  wavelength 

300 km and meridional mode n = 1. These f i gu res  are q u a l i t a t i v e l y  

s im i l a r  t o  Fig. 5.6 f o r  SL parameterizat ion; however, there are impor- 

t a n t  quan t i ta t i ve  d i f ferences.  Most not iceably,  the e - fo ld ing  times fo r  

the ca lcu la t ions w i t h  AS parameterizat ion are much longer than those fo r  

SL parameterization. Furthermore, the phase speeds o f  the unstable 

modes are smaller f o r  AS parameterization. We do f i nd ,  as we d i d  be- 

fore,  t h a t  the phase speeds o f  the unstable modes change r e l a t i v e l y  

l i t t l e  compared t o  the  changes i n  the e - fo ld ing  times. 

I n  Fig. 5.16 we show, f o r  the most unstable mode i n  Fig. 5.15 a t  

b = 5 km-l, the amplitude and phase o f  the v e r t i c a l  ve loc i t y ,  the cumu- 

l us  heat ing and the ad iabat ic  cool ing. We have chosen b = 5 km-' since 

i t  produces a co p r o f i l e  which agrees we l l  w i t h  the p r o f i l e  given i n  

S i  l v a  Dias and Schubert (1977). As i n  SL parameterizat ion, the cumulus 

heating i s  i n  phase w i t h  the upward motion; however, i t  now shows a 

s l i g h t  tilt w i t h  height  i n  the upper troposphere. The amplitudes of the 

cumulus heat ing and ad iabat ic  coo l ing are near ly  equal. The v e r t i c a l  

ve l oc i t y  has a maximum near the middle troposphere and ti 1 t s  s l i g h t l y  

w i t h  height  i n  the upper troposphere. It i s  i n t e r e s t i n g  t o  note tha t ,  

although the cumulus heat ing p r o f i l e  i s  determined i n t e r n a l l y  i n  the 

model and not  speci f ied,  i t s t i  11 qua1 i t a t i v e l y  resembles the  speci f ied 

p r o f i l e  used i n  SL parameterization. Amplitude and phase o f  the v e r t i -  

ca l  ve loc i t y ,  cumulus heating and ad iabat ic  coo l ing f o r  the most un- 

s tab le  mode i n  Fig. 5.14 a t  co = 2 km" and a t  co = 4 km-I are shown i n  
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Fig.  5.16. Amplitude and phase o f  (a) the  v e r t i c a l  v e l o c i t y  and 
(b) the  ad iaba t i c  coo l i ng  ( s o l i d  l i n e )  and cumulus 
heat ing (dashed l i n e )  f o r  the  most unstable mode i n  

Fig.  5.15 a t  b = 5 km'l. 
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Fig.  5.17. Amplitude and phase o f  (a)  the  v e r t i c a l  v e l o c i t y  and .': 
(b) the ad iabat ic  cool ing ( s o l i d  l i n e )  and cumulus ti 
heat ing (dashed l i n e )  f o r  the  most unstable mode i n  I 

- 1 Fig.  5 .14 a t  co = 2 km . I )I ' 



- 1 Fig.  5.18. Same as Fig. 5.17 except f o r  co = 4 km . 



Fig.  5.17 and Fig.  5.18. Al though i t  i s  n o t  c l e a r  what a  reasonable 

choice f o r  c  should be, t h e  two values chosen above seem t o  l i e  w i t h i n  

t h e  range o f  quoted values. When co = 4 km-I t h e  ampl i tude and phase 

- 1 diagrams are  e s s e n t i a l l y  t h e  same as those f o r  b  = 5  km . For co = 2  

km-l, however, t h e  v e r t i c a l  v e l o c i t y  e x h i b i t s  two re1  a t i  ve maximums 

ins tead  o f  one and t h e  cumulus heat ing,  which i s  again nea r l y  equal i n  

ampl i tude t o  t h e  a d i a b a t i c  coo l i ng ,  i s  no longer  q u a l i t a t i v e l y  s i m i l a r  

t o  t h e  cumul us hea t i ng  p r o f  i 1 e  s p e c i f i e d  i n SL parameter izat ion.  These 

d i f f e rences  may be exp la ined from Fig.  5.14 by n o t i n g  t h a t  t h e  most 

unstable mode a t  co = 2  km-l i s  n o t  t h e  same mode as t h e  most unstable 

- 1 mode a t  co = 4 km . 1 
We have, so f a r ,  presented phase speeds and e - f o l d i n g  t imes on l y  

f o r  a  p a r t i c u l a r  h o r i z o n t a l  wavelength and a  p a r t i c u l a r  mer id ional  mode. 

For any g iven  value o f  gh, we may p l o t  t h e  phase speed and e - f o l d i n g  

t ime o f  severa l  mer id iona l  modes as a  f u n c t i o n  o f  wavelength f o r  every 

wave type  poss ib le  on an equa to r i a l  beta-plane. Such p l o t s  a re  shown i n  

F ig.  5.19 and Fig.  5.20. We a re  p r i m a r i l y  i n t e r e s t e d  i n  t h e  g r a v i t y  

modes which a re  t h e  modes w i t h  t h e  h ighes t  phase speeds and lowest  

e - f o l d i n g  t imes. For a  complete d iscuss ion  o f  t h e  wave types poss ib le  

on an equa to r i a l  beta-plane, t h e  reader i s  r e f e r r e d  t o  Matsuno (1966). 

We note  here t h a t  f o r  g r a v i t y  waves t h e  i n s t a b i l i t y  i s  always g rea tes t  

a t  t h e  sho r tes t  wavelengths. A d iscuss ion  o f  t h i s  p o i n t  and a  summary 

o f  t h e  r e s u l t s  a re  conta ined i n  t h e  f i n a l  chapter.  



.: , $ !~$?d;  ,:p<.:. :, , . .;,. , , , .  - :  
. ) . I .  , 

. , i \ ' I ; * ,  . . ,  

:' k c ) , .  i . ; f  

.'* < 

Wavelength (km) 

Fig .  5.19. The magnitude o f  t h e  phase speed as a f u n c t i o n  o f  
wavelength f o r  severa l  mer id iona l  modes n and f o r  a l l  
wave types p o s s i b l e  on an e q u a t o r i a l  beta-plane. 

n 0 

Here gh = 146.3 + 27.31 mL/sL. 



wavelength (km)  ' 1  

Fig.  5.20. Same as Fig.  5 .19 except f o r  the  magnitude o f  the  
e- folding t ime as a  funct ion  o f  wavelength. 



6. SUMMARY AND CONCLUSIONS 

A 1  i nea r  model o f  wave-CISK i s  used t o  compare the  r e l a t i v e l y  

s imple parameter iza t ion  scheme developed by Stevens and Lindzen w i t h  t he  

re1  a t i v e l y  complex one developed by Arakawa and Schubert. 

Chapter 2 considers t h e  la rge-sca le  governing equations. These 

equat ions, which a re  formulated on an equa to r i a l  beta-plane, a re  

1  i n e a r i z e d  about a  r e s t i n g  bas i c  s t a t e  and t h e  dependent va r i ab les  and 

d i a b a t i c  hea t i ng  are  expanded i n  a  F o u r i e r  se r i es .  The v e r t i c a l  s t ruc -  

t u r e  equation,..and i t s  boundary cond i t i ons  are  then der ived  a1 ong w i t h  
lli 

t h e  d i spe rs ion  r e l a t i o n  f o r  an e q u a t o r i a l  beta-plane. 

Chapter 3 considers t h e  governing equat ions f o r  bo th  parameteriza- 

t i o n  schemes. Stevens and Lindzen parameter iza t ion  i s  s l i g h t l y  mod i f ied  

t o  a l l o w  f o r  a more r e a l i s t i c  mo is tu re  p r o f i l e .  Several s i m p l i f i c a t i o n s  

are  made t o  Arakawa and Schubert parameter iza t ion  i n  o rde r  t o  make the r 
problem more t r a c t a b l e .  I n  add i t i on ,  t h e  parameter iza t ion  i s  r e f o r -  

mulated so t h a t  t h e  spec t ra l  parameter i s  t h e  detrainment l e v e l  pressure 

r a t h e r  than t h e  f r a c t i o n a l  r a t e  o f  entrainment.  

Chapter 4 considers t h e  d i s c r e t e  forms o f  t h e  v e r t i c a l  s t r u c t u r e  

problem and the  parameter izat ions.  It i s  shown t h a t  once t h e  heat ing  i s  

parameter ized i n  terms o f  t h e  v e r t i c a l  v e l o c i t y ,  t h e  v e r t i c a l  s t r u c t u r e  

problem may be solved as a  genera l i zed  m a t r i x  eigenvalue problem. The 

eigenvalues are  used w i t h  t h e  d i spe rs ion  r e l a t i o n  t o  determine t h e  

growth r a t e s  and phase speeds and t h e  e igenvectors a re  used t o  determine 

t h e  v e r t i c a l  s t ruc tu re .  
I 



The r e s u l t s  presented i n  Chapter 5 are now summarized. When we 

looked a t  the  eigenvalues f o r  AS parameter izat ion as a func t ion  o f  the  

autoconversion c o e f f i c i e n t  and a t  the  eigenvalues o f  SL parameterizat ion 

as a func t ion  o f  mix ing r a t i o ,  we found t h a t  the  pat terns  were s i m i l a r ;  

however, the  e i  genval ues o f  the  unstable modes f o r  AS parameter izat ion 

had smal l e r  r e a l  and imaginary p a r t s  than those f o r  SL parameter izat ion 

and the  f i r s t  i n t e r n a l  mode became unstable f o r  SL parameter izat ion bu t  

not  f o r  AS parameterizat ion. We a lso  found t h a t ,  f o r  a given wavelength 

and meridional mode, the  e - fo ld ing  times and phase speeds o f  the  un- 

s tab le  modes w i t h  AS parameter izat ion were smaller than those fo r  SL 

parameterizat ion. Comparison o f  the  v e r t i c a l  s t ruc tu re  o f  the  unstable 

modes showed t h a t  the  cumulus heat ing was always i n  phase w i t h  the  

upward v e r t i c a l  motion, b u t  was more near ly  balanced by the ad iabat ic  

cool i n g  f o r  AS parameter izat ion than f o r  SL parameterizat ion. Furt,her- 
I 

more, t h e  cumulus heat ing p r o f i l e  f o r  AS parameterizat ion, which i s  

determined i n t e r n a l l y  i n  the  model, was remarkably s i m i l a r  t o  the  speci- 

f i e d  p r o f i l e  used i n  SL parameterizat ion. We conclude tha t ,  a l  though 

there  i s  some qua1 i t a t i v e  s imi  l a r i  t y  between AS and SL parameterizat ion, 

there  are notable q u a n t i t a t i v e  d i f fe rences.  Numerical modellers who use 

cumulus parameter izat ion schemes should be aware o f  these d i  f f e r e d e s .  

There are several shortcomings i n  the  model. F i r s t ,  a mean wind 

has no t  been included. Second, the  process o f  momentum mix ing by cumu- 

l u s  clouds, which was shown by Stevens, e t  a l .  (1977) t o  be important,  - -  
has been neglected. Third,  s ince the  mean heat ing i s  zero, negative 

pe r tu rba t ion  heat ing corresponds t o  negative t o t a l  heat ing which i s  

p h y s i c a l l y  unreasonable. This negative heat ing i s  a c h a r a c t e r i s t i c  o f  

many wave-CISK studies and i t s  e f f e c t  on the  r e s u l t s  i s  not  c lear .  I n  

add i t i on  t o  these shortcomings, there  i s  the  problem t h a t  the  shor tes t  



wavelength gravity waves are the most unstable which implies that at 

.ishort wavelengths, CISK degenerates into CIFK (Conditional Instability 

,,of the First Kind). If we reason as follows, this problem may not seem 

so serious. By definition, cumulus parameterization describes the 

,interaction between the cumulus-scale, which is not explicitly resolved, 

- 'and some specified large-scale. If we allow our specified large-scale 

to become so small that it approaches the cumulus-scale, then we are, at 

,l*rleast in theory, resolving the cumulus-scale and the concept o f  cumulus 

.,,s.parameterization becomes i nval i d .  Therefore, even though the shortest 

wavelengths will be the most unstable, our large-scale is limited in how 

3 small it may become by the very definition of cumulus parameterization. 
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APPENDIX A  

PRINCIPAL SYMBOLS 

cloud work func t ion  

; condensation 

evaporat ion 

large-scale f o r c i n g  term i n  Fredholm i n t e g r a l  equation 

convect ive scale f luxes o f  d ry  s t a t i c  energy, moist  
s t a t i c  energy, and 1  i q u i d  water 

. ,. 

v e r t i c a l  s t ruc tu re  o f  pe r tu rba t ion  d i a b a t i c  heat ing 

kernel o f  Fredholm i n t e g r a l  equation: t o t a l ,  basic 
s t a t e  

1  a ten t  heat o f  vapor iza t ion  

p r e c i p i t a t i o n :  t o t a l ,  basic s ta te ,  pe r tu rba t ion  

d i a b a t i c  heating: t o t a l ,  basic s ta te ,  pe r tu rba t ion  

gas constant f o r  dry  a i r  o r  convect ive scale s i n k  o f  
1  i q u i d  water ( ra in )  

temperature (absol ute): t o t a l  , basic s ta te ,  perturba- 
t i o n  

v e r t i c a l  s t r u c t u r e  o f  pe r tu rba t ion  v e r t i c a l  v e l o c i t y  

ho r i zon ta l  (y) s t r u c t u r e  o f  pe r tu rba t ion  d i a b a t i c  
heat ing and pe r tu rba t ion  v e r t i c a l  v e l o c i t y  

I 
.l 

' I parameters used i n  determining autoconversion co- 
. ,  . e f f i c i e n t  p r o f i l e  1, 

! 

0 
autoconversion c o e f f i c i e n t  

, : j . 3  

s p e c i f i c  heat a t  constant pressure f o r  d ry  a i r  

c o r i o l  i s  parameter 
I * I  

I 



acce lera t ion  due t o  g r a v i t y  

equivalent  depth o r  moist  s t a t i c  energy: t o t a l ,  basic 
s t a t e  

h*, h* sa tu ra t ion  mix ing r a t i o :  t o t a l ,  basic s t a t e  

c loud moist  s t a t i c  energy: t o t a l ,  basic s t a t e  

mixed l a y e r  moist  s t a t i c  energy 

ho r i zon ta l  (x) wavenumber 

c loud l i q u i d  water content: t o t a l ,  basic s t a t e  

mass f l u x  d i s t r i b u t i o n  funct ion:  t o t a l ,  basic s ta te ,  
pe r tu rba t ion  

b 

n Four ier  summation index, meridional and v e r t i c a l  mode 
, <<I number 

pressure 
?,.I: 

detrainment pressure 
, ' I  

f i x e d  surface pressure 

model top  pressure j 

B mixed laye r  top  pressure 

'CT " 

. s , ~ u l .  , upper boundary o f  heated reg ion f o r  Stevens and Lindzen 
parameter izat ion 

1 " 

pa J"' parameters f o r  moisture p r o f i l e  used i n  Stevens and 
L i  ndzen parameter izat ion 

mix ing r a t i o :  t o t a l ,  basic s t a t e  
- 

4*,q* ' 1 sa tu ra t ion  mix ing r a t i o :  t o t a l ,  basic s t a t e  
- 

qc,qc ' 
c loud mix ing r a t i o :  t o t a l ,  basic s t a t e  

q~ 
mixed l a y e r  mix ing r a t i o  

r i  . 
I - 

moisture parameter f o r  Stevens and Lindzen parameter- 
i z a t i  on 

r a i n  d i s t r i b u t i o n  funct ion:  t o t a l ,  basic s t a t e  

d ry  s t a t i c  energy: t o t a l ,  basic s t a t e  

c loud dry  s t a t i c  energy: t o t a l  basic s t a t e  



time 

horizontal velocities: total, basic state, perturbation 

horizontal velocity vector 

vertical velocity in z-coordinates 

horizontal positions ' ' L  ,: 

geopotential height: total, basic state 

log-pressure vertical coordinate 

static stability in log-pressure coordinates 

magnitude of cumulus heating in Stevens and Lindzen 
parameterization 

exponential rate of moisture decrease with pressure in 
Stevens and Lindzen parameterization 

normalized cloud mass flux: total, basic state I I 

fractional entrainment rate: total, basic state 

complex wave frequency 

geopotential: total, basic state, perturbation 

vertical velocity in p-coordinates: total, basic state, 
perturbation 



APPENDIX B 

DETERMINATION OF THE SATURATION MIXING RATIO AND GAMMA 

Teton's formula f o r  the satura t ion mixing r a t i o  eS i s  

a T-273.162 e = 610.78 exp [ ( ,. - S 1, 

where eS i s  i n  u n i t s  of Pa, T i s  i n  u n i t s  o f  degrees Kelv in,  a = 17.269 

and b = 35.86 K. Once eS i s  determined, q* may be obtained from 

I 
Using (Bl), (82) and the d e f i n i t i o n  o f  y given i n  (3.24), we may w r i t e  



APPENDIX C 

THE DISCRETE FORM OF THE FREDHOLM INTEGRAL EQUATION 

We beg in  t h e  d e r i v a t i o n  o f  t h e  Fredholm i n t e g r a l  equat ion (3.28) 

by w r i t i n g  t h e  d i s c r e t e  mo is t  s t a t i c  energy budget i n  t he  form 

Here, and i n  a l l  summations t h a t  f o l l o w ,  t h e  summation index takes on 

on l y  even values. S u b s t i t u t i n g  ( C l )  i n t o  t h e  d i s c r e t e  form o f  t h e  c l oud  

work f u n c t i o n  (4.28) we f i n d  
I 

I 

,i, * 

I 

We now app ly  t h e  quas i -equ i l i b r i um assumption and s e t  t h e  t ime 

d e r i v a t i v e  o f  A(n) equal t o  zero. Time changes i n  $ a re  neglected. 

The terms i n  t h e  r e s u l t i n g  equat ion  a r e  d i v i d e d  i n t o  two types: those 

d i r e c t l y  i n v o l v i n g  t h e  t ime  d e r i v a t i v e s  o f  l a rge -sca le  q u a n t i t i e s  and .A 

those i n v o l v i n g  t h e  t ime  d e r i v a t i v e s  o f  q. The quas i -equ i l i b r i um 

assumption may thus  be w r i t t e n  



The time der iva t i ve  o f  h* may be w r i t t e n  

I 

l 
and (4.14) may be used t o  w r i t e  the  t ime der iva t i ve  o f  q as 

Using (C4), (C5) and the d isc re te  large-scale budgets o f  s  and h  (4.23) 

and (4.24), we may r e w r i t e  (C3) as 



Here 

Fh(kl-1,n) = q(kl-1,n) [hc(k l -1,n)-h(k l - I ) ] ,  

Note t h a t  t h e  terms have been d i v i d e d  i n t o  t h ree  types: those i n v o l v i n g  

t h e  la rge-sca le  advect ion, those i n v o l v i n g  t h e  c loud base mass f l u x  MB 

and those i n v o l v i n g  t h e  t ime d e r i v a t i v e s  o f  A. I f  we l e t  t h e  f i r s t  term 

be denoted by Fl(n), eve ry th ing  i n s i d e  t h e  outermost brackets i n  t h e  



second term be denoted by Kl(n,nl ) and eve ry th ing  i n  t h e  t h i r d  term 

m u l t i p l y i n g  aA(n)/at be denoted by aA(n)/aA we may w r i t e  

An express ion f o r  aA(n)/at may be der ived  from the  c loud t o p  

c o n d i t i o n  

q(n,n)h*(n) = q(n,n)hc(n,n), 

which may be r e w r i t t e n  

Taking t h e  t ime d e r i v a t i v e  o f  ( C 1 1 )  we may show, a f t e r  some considerable 

manipulat ion,  t h a t  

+ ~gq(n+ l ,n ' ) c~ (n ,n ' )2 (n - l ,n ' ) ]  

" where 



Here again we note t h a t  t h e  terms i n  (C12) a re  o f  two types: those 

which depend on t h e  l a rge -sca le  advec t ion  and those which depend on t h e  

c l oud  base mass f l u x  Ms. I f  we l e t  t h e  p roduc t  o f  aA(n)/aA w i t h  t h e  

f i r s t  term be denoted by F2(n), and t h e  p roduc t  o f  aA(n)/ah w i t h  every- 

t h i n g  i n s i d e  t h e  outermost summation i n  t h e  second term be denoted by 

KZ(n,nl) we may w r i t e  (C9) as 

L e t t i n g  

we have 

which i s  t h e  d i s c r e t e  form o f  t h e  Fredholm i n t e g r a l  equat ion  g iven  i n  
I 
I 

t h e  main t e x t .  I 




