APPENDIX A

MATHEMATICAL BASIS FOR
THE STREAM-AQUIFER INTERACTION MODEGL

Background

Isolated aquifer

At the heart of the mathematical modeling of the physical (hydrologic)
interaction of an alluvial water-table aquifer with a hydraulicélly con-

nected stream is the Boussinesq equation, namely:
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where ¢ is the effective porosity (specific yield), s is drawdown at
the point of horizontal coordinates x and y and at time E{LiT vlds
the transmissivity of the aquifer at point of coordinate x and ¥
qP is the net pumping (withdrawal) rate per unit area at well (with-
drawal) point p and P is the total number of well [witﬁdrawalj
points. -

For an aquifer which is not mined and relatively deep, the trans-
missivity can be considered to behcnnstant. Then Eq. (1) is a linear

equation and it is known then that the solution of Egq. (1) for drawdown

at a point w for week n is of the form:
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where ﬁwp( ) 1is the discrete kernel function (influence function) of
drawdown at point w due to pumping at point P and 'pru] is the net
withdrawal volume from the well p. The coefficients dwp[ ) are cal-

culated for a given system by a numerical solution of a finite-difference
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approximation to the Boussinesq Eq. (1). These procedures are discussed
in detail in various publications (Morel-Seytoux and Daly, 1975; Morel-
Seyfﬂux et al., 1975). Figure A-1 displays a typical grid ﬁystem super-
imposed on the area of interest with one well at the center. Figure 6
shows the discrete kernel function of drawdown 350 m (about 1000 feet)
away from the center well due to pumping at the center well. As an
example let us assume that the well pumped water volumes during 10 weeks

according to the schedule shown in Table 1.

TABLE 1

Week 1 2 3 4 5 [ 7 8 9 10
Volume
(million m3) 0.2 |0 0 0.1 |0 0 0.2 |0 0.1 |0

()

m/million m3 3.6 |3.3 |2.6 |2.0 |1.5 |1.3 [1.1]1.0 {0.9 JoO.8
Drawdown

(m) 0.72 | 0.66 | 0.52 ] 0.76 | 0.66 | 0.52 [1.14/1.01{1.19)1.00

The values of & (in m/million m?) in Table 1 were read from Figure A-2
From Eq. (2) one can calculate drawdown 350 m away from the well at the

end of one week, two weeks, three weeks, etc., namely:
la

i

3.6 x 0.2 0.72 m

6(1) Q(2)

s(1)
s(2)

6(1) Q(1)
§(2) Q1)

+
1}

3.3 x0.2 = 0.66m

Note that during week 2 the water table recovers at point w. Proceeding

similarly for the other weeks:
s(3) = &(3)Q(1) + &(2)Q(2) + &6(1)Q(3) = 2.6 x 0,2 = 0.52 m

s(4) = 6(4)Q{1) + 6(3)Q(2) + 6(2)Q(3) + &(1)Q(4) = 2.0x 0.2+ 3.6x0.1=0.76 1

The other values are shown in Table 1, and the drawdowns plotted on

Figure A-3,
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Once the & coefficients have been calculated then it is an easy
matter to calculate drawdown anywhere at any time. Note that contrary
to usual finite difference procedure it is possible to calculate draw-
down at the end of week 8 for example without calculating drawdowns for
the previous weeks. Also it is possiblé to calculate drawdown at one
point without calculating it atr other points. In other words, draw-
downs are calculated only at points and times of interest. Therein lies
a reason for the (relativé} cost-effectiveness of the "discrete kermel"
approach. On the other hand, the drawdown at one point does depend upon

the entire history of pumping since time zero at all withdrawal points.

Aquifer-stream interaction

Considering the stream to behave mathematically as a long and
narrow withdrawal strip, then net drawdown in an aquifer cell is the
combined effect of withdrawals from wells, from the river (return flow,
base flow) and recharge from field irrigation (negative withdrawal).
Then Eq. (2) applies provided Qp{u} be interpreted as the net with-
drawal volume from the cell p for week v. If return flows im a reach
were known as a function of time then application of Eq. (2) would yield
drawdown at point w. Of cnurse:'the ﬁwr{ )] coefficients of drawdown

at point w due to return flow into reach r must be known.

Reach transmissivity

In practice return flows may be known between two stream gauging
stations somc 100 milcs apart but not at much smaller intcervals. The
return flﬂwﬁ over the rcaches within an aquifer cell (zone of influence)
are not known and in fact depend on the relative position of the water

table with respect to the water level in the river. It has been



postulated (Morel-Seytoux and Daly, 1975; Morel-Seytoux, 1975a,b) and
verified with reasonablc accuracy (Peters and Morel-Seytoux, 1978) that
the return flow, Q_, into a reach within a cell was proportiomal to
the difference between the mcan aquifer drawdown and mean river drawdown

(river level measured from a high datum) in the cell or mathematically:

Q. =7, (o, - s) ' 3
where Pr is the reach transmissivity and oL is the river drawdown.
The reach transmissivity can be estimated from the stream and the

aquifer properties by the relation (Peters and Morel-Seytoux, 1978;

Illangasekare, 1978):

W
TL p%i + @)
ro= — (4)
" g e
? (L + EJ
where T is aquifer transmissivity, L 1is reach length, HP is wetted

perimeter of the stream, and e 1is saturated thickness.

South Platte study

Grid system. Figure 1 displays the river section of interest, with
diversion canals, storage reservoirs and wells and the selected grid
system. Previously developed computer programs (Morel-Seytoux et al.,
1975) were used to calculate the & c¢oefficients. The number of §
coefficients to be stored is very large and would bé prohibitive if the
& werc calculatuﬁ on a weekly basis over 15 years. Instead only a
limited number of & on a weekly basis are calculated (say 4), then a
limited number of & on a monthly basis (actually 4 weeks) are calcu-
lated (say 4) and 15 yearly values are calculated. Thus to calculate '

drawdown after 90 weeks, a modified version of Eq. (2) is used. Let



QP(u} be the weekly pumping rates. Let Qm(l] be the monthly pumping

rates occurring at integer multiple number of months prior to the date of

interest. For example for the date of 90 weeks then Qm{l) is:

gﬁ
(1) = (v)
Qn v=83 QP ¥

and similarly:"

%2 EE ' Ed
(2):= =3 (v); (3) = (v); (4) = (v)
Qn =79 QP Qm . w=75 Qp ; Qm w=71 Qp

Let Qy(“) be the yearly pumping rates occurring at integer multiple
number of years prior to the date of interest. For example again for

the date of 90 weeks, then:

70
Q (1) ) Q, (v)
v=19

18 .
(2) = (v)
PERRXE

The modified form of Egq. (2) is:
1 ] i

s(90) = § (90-v+1)Q_(w) + § (A+1)Q (1) + § (a+1)Q (a)
v=87 " % a=1 ™ % a=1 ¥ iy

I

Instead of 90 weekly & coefficients, only 4 + 4 + 2 = 10 coefficients
are needed. For a date corresponding to 15 years when 15 x 52 = 780
weekly coefficients would be needed, still 23 coefficients suffice.
However, there is a computer price for this storage saving because the
monthly and yearly pumping volumes must be recalculated every week (like
a moving average).

Initial conditions. The original computer programs were developed

to solve aquifer operational management problems using optimization on




APPENDIX B

DESCRIPTION OF CALIBRATION PROCEDURES
AND RESULTS OF SOUTH PLATTE COMPUTER MODEL

Available Dzta

The entire area under study was divided into 35 subareas referred
to as "seawvice areas". A service area consists of a set of farms (and
associated land area) supplied by a common ditch bringing to the area
water diverted from the stream and/or by a common outlet from a reservoir
and/or from wells. For each of the service areas the following data were
gathered and compiled on a weekly basis for the period 1947-1961:

(a) surface water made available,

(b} total amount of ground water pumped from

wells,
{c) amount of precipitation received,

(d) an average irrigation efficiency for the farms.

For the same period the following South Platte streamflow data were
compiled on a weekly basis:
(a) Stream flow at a point upstream of Balzac gaging station
(upper houndary of the study area).
(h) Stream flow at a point downstream of Julesburg gage at the
Colorado-Nebraska state line (lower boundary of the study area).
(¢) Return flow to the stream between diversions.
In addition the following information was also gathered:
(a) Phreatophyte losses,

(b) Seepage from canals under average flow conditions,
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(c) Seepage from reservoirs, and

(d) Stage discharge relationships at Balzac and Julesburg gages.

Calibration Criterion

Historical data for two types of state variables were available
for the stream-aquifer system for the purpose of calibration, namely:
the aquifer return flows and the stream outflow measured at the down-
stream boundary of the system. The observed return flows in the sub-
reaches are functions of the stages in the stream (state of stream) and
the aquifer water table elevations (state of the aquifer). The observed
downstream flows show the aggregated effect of the state of the total
system. The observed outflows were selected as a measure of calibrationm,
taking into consideration the fact that more reliable weekly outflow data
compiled from daily flow data were available as compared to the weekly
return flows compiled from monthly estimates. Also, the outflow which is
also the flow into Nebraska becomes an important parameter to

he analysed in drawing major conclusions from the study.

Calibration Runs

A simulation period of 350 weeks, starting from the first week of
July, 1951 to the last week of February, 1958, was selected for calibra-
tion. An important consideration given in the selection of this period
was that it includes the drought years 1953 through 1956. These drought
yvears with fairly low ohserved downstream flows are bounded by the wet
years of 1952 and 1957 with observed high flows. The main objective
was to calibrate the model for the low flow drought years for which the
overall project ohjective of studying the impact of different physical

and/or managerial strategies was addressed. The 46-weeks wet period
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starting from the first week of the simulation period and ending at the
beginning of the 1952 irrigation season was treated as a "stabilization
period" for the model. During this period the responses of the system
due to the different excitations were allowed to stabilize. No attempt
was made to calibrate the system to match the observed and computed out-
flows during the stabilization period.

Data in the form of aquifer water table clevations were not availab
to define the initial conditions of the system at the beginning of simu-
lation. The only available information was the observed return flows.
As mentioned previously, the return flow depends on the state of the
system. In the absence of initial aguifer drawdown data the observed
initial return flows were used to define the initial conditions. This
was achieved indirectly by using an artificial history referred to as
the "warm-up period". The warm-up period includes an assumed excitation
histary-uf 20 years during which the aquifer excited in such a wayv to
bring the aquifer from an assumed initial steady state to the observed
initial state. The selected 20-year period was approximately the memory
period of the aquifer. The artificial history during the warm-up period
was manipulated to create approximately the observed return flows at the
beginning of the simulation period. The data from actual observed his-
tory for the period of 1947-1961 was used as an initial approximation
for the artificial history during the warm-up period. The system was
calibrated to ohtain a recasonabhle match between the observed and cumpute&
outflows by manipulating the excitations during the warm-up period. A
few changes in the (somewhat) known historical excitations were made to
create the artificial history. First, it was observed that the histori- |

cal excitations created a mining situation in the downstream section of
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the aquifer. This resulted in high negative return flows at the down-
stream reaches. This was corrected by setting all the net withdrawal
excitations to be zero during the warm-up period. Second, a mass balance
comparison of the net aquifer recharge and net agquifer return flow to
stream during the warm-up period showed that the latter was in excess
by .17 x 10!C cubic meters. This quantity is equivalent to an average
depth of 6 meters distributed throughout the aquifer. To allow for this
unaccounted quantity of water the aquifer level was raised throughout
the aquifer. A raise in mcan water table elevation of 7.8 meters gave
the best match for the calibration.

The system was simulated using the artificial warm-up period and
the observed history on a weekly basis. The observed outflows and the

computed outflows for the final calibration run are shown on Figure B-1.

Calibration Results

The observed and computed outflows do not match perfectly but there
are several positive results, which can be readily seen from the figure.
The most critical period is that of low downstream flows, occurring
regularly in June, .July, August and September of each year. These low
flows are predicted reasonably well. During the period of high down-
stream flows occurring regularly in December, January, February and
March, the comparison between observed and computed flows is quite good
in 1953 and in 1954. Starting in 1955 there is a tendency for the model
to over-predict. However, by 1958 following the wet 1957 year, the agree-
ment for the months of January and February was even a little better
than 1953. Note that even though through the years (1954-1955-1956) the
difference between predictions and observations increases cuwmlatively,

the two curves show very similar patterns.
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One interpretation of the results is that the downstream low flows
in August and September occur when return flows are small because:
(1) the aquifer level has hecn lowered as a result of pumping, (2) up-

stream inflows are fairly high, and (3) surface diversions are extensive.

The downstrean outflows are conditioned mostly by the diversions. The
small return flows do not affect significantly the streamflow. On the
other hand, in December, .January, February and March the upstream inflow
is quite low. The river stage is at its lowest through the stream and
the downstream flows are conditioned by the return flows and diversions,
diversions being possible only from the existence of return flows. The
drift in the predictions during these months may be caused either by
overpredicticn of water-table clevations in the aguifer, thus causing
higher return flows from the aguifer to the stream or by underprediction
of diversions from the stream. Overprediction of water-table elevations
in the aquifer could bhe due to underestimation of pumped volumes (Bureau
of Reclamation data are used in the study) or underestimation of irriga-
tion efficiency (i.e., overprediction of recharge) or underestimation of
cvapotranspiration losses (or losses from phreatoph tes). The purpose
of the calibration runs was mostly to check the possibility of errors
in the programs and to check that the values of reach transmissivities
and of the stage-discharge relations in the stream- The
results indicate that the reach transmissivities and the stage-discharge
curves require no adjustments.

As indicated previously, a possible cause of apparent drift in the
rrediction of the high downstrcam flows could be that the Bureau of
Reclamation data on pumping, diversions and return flows are somewhat

in error, but it could be due to errors in estimation of irrigation



efficiency. One could have played on these factors to obtain a better
fit but it is difficult to time the impact of a correction and many
trial and error runs would have been required. It was too costly to do
with the resources allocated to this study. However, with hindsight
looking at the results of the Series IV rum it is clear that by pro-
gressively increasing values of pumping for the historical period
1953-1956 over the estimated Bureau of Reclamation values one could
have obtained a better match between predicted and observed outflows

in 1955 and 1956.





